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Observation of resonances at subharmonics of the Rabi
-frequency in the saturated absorption

of a 100% amplitude-modulated laser beam
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A series of resonances has been observed in the absorption of a 100% amplitude-modulated laser beam by an
optically pumped sodium atomic beam. Resonances were observed when the modulation frequency was equal to
the first, second, and third subharmonic of the Rabi frequency. The experimental results are compared with
theory, and the implications of these parametric resonances to laser instabilities are discussed.

INTRODUCTION

Researchers in the fields of modulation spectroscopy, optical
bistability, and laser instability have become interested in
the interaction of intense, strongly modulated fields with
atomic systems.'- 7 A 100% amplitude-modulated (AM)
field is a special case of strong modulation because the ener-
gy at the carrier frequency has been completely transferred
into the modulation sidebands. In this paper we study the
interaction of a 100% AM laser field with an ensemble of
homogeneously broadened two-level atoms.

Under the influence of a strong resonant field the atomic
variables undergo Rabi oscillations. If, in addition to the
strong pump field, a weak probe field is applied, the probe
field will see a complicated structure in its absorption spec-
trum owing to the presence of the strong field. When it is
detuned from the strong field by the strong-field Rabi fre-
quency, the probe field experiences a resonance in its ab-
sorption spectrum.8' 0 These results have been experimen-
tally confirmed."1-3 Sargent et al.'

4 have shown how modu-
lation techniques can be employed to probe the saturated
absorption of these strongly driven atoms. Modulation
techniques alleviate the need for a second laser. Instead,
the strong field is weakly modulated at a tunable frequency,
and the modulation sidebands probe the saturated absorp-
tion. Hillman et al.1

5 and Kramer et al.1
6 showed that the

behavior seen in the absorption spectrum of the probe field
is a result of the atomic response to the modulation tone in
the field intensity. In their analysis they treated the inter-
action with the strong field to all orders, whereas the interac-
tion with the sidebands was treated perturbatively. In the
case of multiple strong fields it is necessary to treat all the
field components and the combination tones to all orders.

Although the treatment of strong-modulation interac-
tions is by no means complete, there has been experimental
work in this area.17-19 These strong-modulation experi-
ments yield different results from those seen in weak-modu-
lation experiments. The atomic variables exhibit resonant
behavior when the modulation frequency is approximately
equal to the Rabi frequency or any subharmonic of the Rabi
frequency. Bonch-Bruevich et al.'

7 performed an experi-

ment with two strong rf fields tuned to a Zeeman resonance
in cadmium. One rf field was held at a constant frequency
while the other field was tuned about the resonance to obtain
an absorption spectrum. The absorption spectrum of the rf
fields exhibited several subharmonic resonances. Tho-
mann'8 performed a three-field experiment at the sodium D2
line resonance. The field was produced by strongly modu-
lating a laser beam; the Rabi frequency was varied while the
modulation frequency was held fixed. Although a center
frequency (the carrier) was present in this experiment, the
physics is similar to that in the two-field experiments. At
this point it is helpful to review the theoretical predictions
for the problem.4 ,6,20-26

THEORETICAL REVIEW

The response of an atomic system can be characterized, in
part, by the rate at which it absorbs, or scatters, energy from
a resonant laser beam. We employ a calculation developed
by Hillman et al.

6 to calculate the rate of absorption from
the optical Bloch equations

= -u/T2 - Av, (la)

= Au - vT2 + KE(t)w,

w -(w + )/T - KE(t)V,

(lb)

(ic)

where A is the detuning and l/T2 and l/Ti are the polariza-
tion and population decay rates, respectively. The dipole
coupling constant K is given by

K = 2d/h, (2)

where d is the dipole-moment matrix element and h is
Planck's constant. We are interested in the response of an
atom to a 100% AM excitation. In this case the electric field
amplitude can be written as

E(t) = 2E, cos(6wt), (3)

where &x is the modulation frequency and the amplitude of
the electric field is El.

According to Floquet's theorem, the stationary-state re-
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sponse of the atomic variables can be expanded in a Fourier
series of the modulation frequency &A. The atomic polariza-
tion components and the atomic inversion can be written as

u(t) = u exp(inbwt), (4a)
n=-

vW = E n vexp(in6wt), (4b)
n=--

and

WW = E n wexp(inbwt). (4c)
n=-

The nth-harmonic components of the in-phase and in-quad-
rature dipole moments and of the atomic inversion are de-
noted by Un, Vn, and wn, respectively. We substitute Eqs. (4)
into the Bloch equations [Eqs. (1)] to obtain a set of recur-
rence relations between the harmonic components of the
atomic variables. The ratio of the first-harmonic compo-
nent of the in-quadrature dipole moment to the zeroth-
harmonic (time-averaged) component of the inversion is ex-
pressed as a continued fraction:

V1

Wo

B1 +

B 2 +

1
(5)

I,

I,

B + I,
B4 + ...

where the single-field intensity is

I = (KE1)2TjT 2

and the coefficients denoted by Bn are

B = 1 + inbwT2 + (AT 2)2

1 + in6waT2

for odd n and

quently, for the case of a 100% AM excitation of a two-level
atom, the rate of absorption of energy is proportional to the
time-averaged component of the excited-state population.

We plot the results of these calculations in Figs. 1 and 2.
In Fig. 1 we plot the time-averaged excited-state population
for a fixed Rabi frequency as a function of the modulation
frequency, bcoT2. This curve is quite complicated, and it
shows several resonances in the absorption spectrum of the
fields. To understand these peaks it is helpful to solve the
problem in the absence of damping. In this case we obtain
an analytic solution in which the time-averaged response of
the population can be written in terms of J(2KE/&6).
When we numerically pick off the position of each peak from
Fig. 1, we find that the peaks occur whenever the factor
Jo(2KE1/6) is equal to zero. The outermost peaks corre-
spond to the first zero of J. The next peaks, at smaller
values of 5wT2, correspond to the second zero of JO and are
the first subharmonic resonances. In the limit of large argu-
ments, x, the zeros of Jo(x) become equally spaced versus x.
It is in this limit that the resonances are best described as
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Fig. 1. Time-averaged excited-state population as a function of the
modulation frequency bwT2. The Rabi frequency is held fixed,

(7a) KE 1T 2 = 10, and the modulation frequency bwT2 is varied to observe
the subharmonic resonances. The detuning is zero, T2 = 0.

Bn = 1 + inbwT, (7b)

for even n. Note that the intensity is naturally expressed in
dimensionless form in Eq. (6). We will use the dimension-
less intensity as well as the dimensionless modulation fre-
quency, bwT2, and the dimensionless detuning, T2,
throughout.

We can solve for the time-averaged component of the
atomic inversion, w, in terms of the continued fraction and
then write the excited-state population as

2I, Relvl/wo

Pe - 1 + 2I, Refvj/w0)

0,

4-
Q
a
0

aCu

0
4.

x
0)

(8)

We are ultimately interested in the absorption of the AM
field. The average rate at which a two-level atom scatters
light in the form of resonance fluorescence is proportional to
the time-averaged absorption. The fluorescent emission
rate is proportional to the excited-state population. Conse-

0 125 250
dimensionless intensity 2(KE1)2 TT 2

Fig. 2. Time-averaged excited-state population as a function of
intensity. The modulation frequency is held fixed, 6wT2 = 3, and
the time-averaged dimensionless intensity 2(KE1)2TIT 2 is varied to
observe the resonances. The detuning is zero, AT2 = 0.
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Fig. 3. Trajectories of the atomic inversion and the in-quadrature polarization. We plot the atomic inversion versus the atomic polarization
at the first four resonances. The modulation frequency is bwT2 = 3. In (a) the Rabi frequency corresponds to the first resonance. (b)-(d)
Show the behavior at the first three subharmonic resonances: (b) n = 2, (c) n = 3, and (d) n = 4. The detuning is zero, AT2 = 0.

subharmonic resonances. In Fig. 2 the time-averaged popu-
lation of the excited state is plotted versus the time-aver-
aged dimensionless intensity 2(KE1)2T1T2 for a fixed modu-
lation frequency of three atomic linewidths. This is the
form of our raw data. The resonances appear as enhance-
ments in the absorption embedded in the usual single-field
saturation curve. As the intensity is increased from zero, we
approach the first-order resonance. The second resonance,
occurring at a higher intensity, is the first subharmonic reso-
nance. The order of the subharmonic resonances increases
as we look to higher dimensionless intensities. These reso-
nances occur only when the modulation interaction is strong,
meaning the Rabi frequency, KE1, exceeds the natural
linewidth of the transition and the modulation depth is
large, as in the case of 100% amplitude modulation.

The dynamic behavior of the atomic variables also reflects
the subharmonic behavior of the 100% AM interaction. In
Figs. 3(a)-3(d), we show the phase plots formed by the in-
quadrature atomic polarization and the inversion at each of
the first four resonances (on-resonance excitation is used for
the phase plots so that only the in-quadrature polarization is
driven). Each section of Fig. 3 shows the trajectory followed
by the atomic variables for a complete period of the modula-

tion. Figure 3(a) shows the period-one behavior that occurs
at the first resonance. Figure 3(b) shows that a second cycle
in the trajectory occurs at the second resonance, which is the
first subharmonic resonance. Figures 3(c) and 3(d) show
the behavior at the third and fourth resonances, respective-
ly. We can compare this system to an anharmonic oscillator
being driven every nth cycle of its natural frequency. The
oscillator can be driven effectively by the fundamental fre-
quency or by any subharmonic of the fundamental. This
subharmonic driving is effective because the system re-
sponds at higher harmonics of the driving frequency when
the driving force is large enough to induce a nonlinearity.

EXPERIMENTAL SETUP

The experimental apparatus that we used to study the ab-
sorption spectrum is shown in Fig. 4. The absorption is
determined by measuring the total fluorescence from a small
portion of the interaction region. We imaged the fluores-
cence from the interaction region onto a pinhole placed in
front of a photomultiplier tube. Spatially filtering the fluo-
rescence signal limits the signal to that from a small region
near the center of the laser beam, where the intensity is
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Fig. 4. Experimental apparatus: SDL, stabilized dye laser; AOM,
acousto-optic modulator; M's, mirrors; BS, beam splitter; LP's, lin-
ear polarizers; EOM, electro-optic modulator; X/4, quarter-wave
plate; Na, sodium oven; AB, atomic beam; PH, pinhole; PMT, pho-
tomultiplier tube; PD, photodiode.

constant to within 10%. This allows us to study atoms with
equal Rabi frequencies. The detectors were dc coupled to
measure the time-averaged fluorescence.

Sodium was chosen as the atomic medium because it has a
large oscillator strength and is readily made into a two-level
atomic system. To obtain a two-level atomic system we
resonantly excited the 3s-3p transition with circularly po-
larized light. A two-level system results from the pumping
of the population into the aligned magnetic sublevels.2 7

The atomic beam was collimated to provide a divergence
angle of 1 mrad with an associated Doppler width of less
than 2 MHz (this is 20% of the natural linewidth of the
sodium transition). The atoms were excited by a circularly
polarized beam whose angular divergence was less than 1
mrad (this angular spread accounts for no more than 1-MHz
Doppler broadening). The laser field was the output of a
frequency-stabilized Rhodamine 6G dye laser whose full-
width frequency jitter was less than 1 MHz. The angular
divergence of the laser and atomic beams, together with the
frequency jitter of the laser, gave us a total systematic broad-
ening of 4 MHz, or 40% of the natural linewidth. This
systematic linewidth was verified by measuring the full spec-
tral width of the atomic transition to be 14 MHz (the natural
linewidth is 10 MHz).

We produced a 100% AM laser field with a modulation
frequency, 6co/27r, of 15 MHz, which is three times the polar-
ization relaxation rate of the sodium D2 line. The modula-
tion was produced by passing the laser through a high-effi-
ciency acousto-optic modulator. A portion of the beam was
upshifted by the 30-MHz drive frequency of the acousto-
optic modulator. The diffraction efficiency was adjusted so
that the power diffracted into the first-order beam was equal
to that remaining in the zeroth-order undiffracted beam.
Then we recombined the two orders to create the bichromat-
ic field. The two beams were aligned with interferometric
precision so that a strong beat note of 30 MHz was clearly
detected by a photodiode measuring the far-field intensity.

After recombination the field state can be described in terms
of a carrier, at the mean frequency of the two frequency
components, that is 100% AM at one half the drive frequency
of the acousto-optic modulator. Because the recombination
geometry is different for each modulation frequency, it was
inconvenient for us to vary the modulation frequency in
search of the resonances. Instead, we held the modulation
frequency fixed and varied the Rabi frequency by sweeping
the intensity of the laser. This was done with a set of linear
polarizers and an electro-optic cell driven by our computer.

At each power setting we recorded the incident laser in-
tensity along with the intensity of the fluorescence emitted
by the atoms. Each data point was averaged 100 times over
several milliseconds to integrate out any fast intensity fluc-
tuations of the laser field. All data were recorded with a 12-
bit analog-to-digital converter on a PDP-11/23 microproces-
sor. The 36-dB dynamic range provided by the digitization
is necessary to match the dynamic range of our data.

EXPERIMENTAL RESULTS

We collected data for 'the AM field on resonance and for a
detuning of three linewidths. The modulation frequency
was equal to three atomic linewidths for all the data that we
present in this paper (wT 2 = 3). In Fig. 5 we plot the
fluorescent intensity versus the incident time-averaged in-
tensity for on-resonance excitation. The resonances appear
as bumps on the saturated absorption curve. The solid
curve shows a theoretical fit to our data. A two-level theory
is averaged over detuning and modulation frequency to
model the slightly imperfect recombination of the two
beams. When the two laser beams emerging from the
acousto-optic modulator are not perfectly aligned (see Fig.
4), the atoms see a moving interference pattern. If this
pattern moves along the atomic-beam axis, the spread in
atomic velocities causes the atoms to experience a spread in
modulation frequencies.

Because we are interested mainly in the resonances, we
can divide our data by a single-frequency absorption curve
to obtain a normalized atomic response to the two-field
excitation. This normalization flattens out the curve so that
the resonances may be seen on a single expanded graph. In
Fig. 6 we plot the normalized fluorescent intensity versus the
parameter a2_KE1T2 . The parameter \/2KE, is the rms Rabi
frequency. A distinct enhancement in the absorption of the
fields occurs when the rms Rabi frequency is equal to n(26w),
where n is the number of the resonance and 2 is the
frequency difference between the two field modes. We can
observe the first-order resonance and the first two subhar-
monic resonances with resonant excitation. With the fields
detuned by three natural linewidths, we have observed up to
three subharmonic resonances. In Fig. 7 we have plotted
the fluorescent intensity versus the rms Rabi frequency for
resonant and detuned excitation (for the detuned case T2
= 3). The resonances occur at lower intensities when the
modulated field is detuned because the generalized Rabi
frequency is larger for the same amount of incident laser
power. We do not have an analytical expression for the
position of the resonance peaks. However, we find that the
empirical formula

[(C2KE 1 )
2

+ A 2 ]1 /
2

= n(26w) (9)
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describes the position of the resonances quite well for both
detuned and resonant excitation. We can interpret the
quantity of the left-hand side of Eq. (9) as the generalized
Rabi frequency. A resonance occurs whenever the general-
ized Rabi frequency is equal to an integer, n, times the
frequency separation, 26w, between the two fields. This
formula for the resonances agrees with weak-modulation
experiments. 11, 3

It is instructive to look at the positions of the resonances
for the detuned and resonant modulated excitations. We
used the computer to determine the position of the reso-
nance peaks for the normalized data. The positions of these
peaks for detuned and resonant excitation are plotted on the
same graph in Fig. 8. The position of the nth resonance for
the detuned case appears at a lower intensity than the corre-
sponding resonance for the case of zero detuning. The solid
line represents the theoretical predictions for the positions
of the resonances according to Eq. (9).
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Fig. 7. Normalized time-averaged fluorescent intensity versus rms
Rabi frequency for resonant and detuned excitation. The dotted
curve represents the data for the resonant case, AT2 = 0. The
dashed curve represents data for the detuned case, AT2 = 3. The
resonant peaks occur at lower Rabi frequencies for the detuned case.
The modulation frequency is bcT2 = 3.
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Fig. 5. Time-averaged fluorescent intensity versus time-averaged
incident intensity. The raw data are plotted with dots, and the
solid curve represents a best theoretical fit. The modulation fre-
quency is fixed, 6wT2 = 3, and the detuning is zero, AT2 = 0.
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Fig. 6. Normalized time-averaged fluorescent intensity versus rms
Rabi frequency for resonant excitation. The fluorescence data
from Fig. 5 were normalized by a single-field saturation curve to
flatten out the resonance peaks. The Rabi resonance and the first
two subharmonic resonances are shown.
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Fig. 8. The position of the subharmonic resonances versus reso-
nance number for resonant and detuned excitation. The rms Rabi
frequency, 2KET2, corresponding to the nth resonance is plotted
versus n. The circles represent the data for resonant excitation,
AT2 = 0. The squares represent the data for detuned excitation,
AT2 = 3. The solid line represents the empirical expression in Eq.
(9) for resonant excitation, AT2 = 0. The dashed curve represents
Eq. (9) for A = bw. The modulation frequency is bwT2 = 3.

CONCLUSIONS

We have presented both theory and experiment for the ab-
sorption of a 100% AM field by a closed two-level atomic
system. The interaction reveals resonances at subharmon-
ics of the Rabi frequency. We observed the first three reso-
nances with resonant excitation, and we observed the first
four resonances with detuned excitation. For resonant exci-
tation, the absorption of the AM field is enhanced whenever
the ratio 2KE1/6w is equal to a zero of the zeroth-order Bessel
function. In this paper we presented an empirical relation
for the occurrence of the resonances for both resonant and
detuned excitation. The data agree with this empirical pre-
diction.

Our data show that the absorption of the bichromatic field
is enhanced at the first-order resonance and at each of the
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subharmonic resonances. This result differs from that ob-
tained by Thomann.18 The results of that experiment
showed a decrease in the absorption at each resonance. In
that experiment the field-modulation index was no larger
than 0.65, so there was always a significant field component
at the carrier frequency. When the carrier frequency is
present, it can beat with each of the modulation sidebands to
produce overtones, at harmonics of the modulation frequen-
cy, in the atomic response. This beat frequency is one half
of the beat frequency arising between the two modulation
sidebands. The harmonic overtones of these two sets of
beat notes can destructively interfere in a three-field experi-
ment. This interference causes the absorption to diminish
at each resonance.

We have demonstrated the complicated behavior of a
purely bichromatic field interacting with a closed, two-level
atomic system. Subharmonic resonances occur because of
the coherent nonlinear interaction of a multifrequency field
with an isolated atomic resonance. It is exactly this type of
nonlinear interaction that determines the competition or
cooperation between cavity modes in a laser-gain medium.
The same set of subharmonic resonances occurs in a saturat-
ed two-level amplifier interacting with a modulated laser
field. This provides a mechanism for multimode instabil-
ities in a homogeneously broadened laser. Instabilities of
this type have been observed.5
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