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We consider the interaction of two 100% amplitude-modulated fields with a two-level system. The analysisincludes a discussion of the stability of an amplitude-modulated laser field to the growth of subharmonic amplitude-
modulated fields.

INTRODUCTION

Recently a great deal of interest has focused on instabilities
in laser systems.1"2 Motivation of this interest is provided
by a desire to understand the complicated dynamics of non-
linear systems. Optical systems provide a convenient
ground for rigorously examining these dynamics. The laser
is a specific example of a rigorously describable optical sys-
tem containing the nonlinear interaction of light with mat-
ter. Subharmonic instabilities have been observed in a
number of different lasers.3-5 Subharmonic instabilities
have become especially interesting since a sequence of peri-
od doublings has been identified as a possible route to chaos.

Instabilities in lasers have existed since the first demon-
stration of a laser by Maiman. 6 Lasers have operated in a
number of states since that first demonstration. The com-
plications introduced by pump fluctuations, spatial hole
burning, inhomogeneous broadening, etc. have enhanced
this variety of available states. The continuous-wave ring
dye laser is a homogeneously broadened laser that contains
few of these additional complications yet still displays a rich
variety of operational states. Hillman et al.5 observed a
continuous-wave dye laser, initially operating at a single
frequency, go unstable and begin oscillating at two frequen-
cies. As the pump power was increased, the two compo-
nents of the laser spectrum separated with a linear depen-
dence on the electric field strength of the laser. When the
separation of the spectral components reached 80 A, the
laser encountered another instability threshold. The two-
frequency state then collapsed to another two-frequency
state of smaller frequency separation. When the pump
power was increased still further, this new two-frequency
state behaved similarly to the initial two-frequency state.

The physical mechanism for these new states of dye-laser
operation is not well understood. There have been a num-
ber of theoretical treatments of a multimode laser.7-"1 Un-
fortunately, none of them has provided an explanation for all
the features of the experimental results. The most success-
ful theoretical model9-1" takes the molecular structure of the

laser-dye molecule into account. However, the actual phys-
ical mechanism responsible for the instability remains to be
seen.

In an attempt to develop physical intuition for the prob-
lem of a nonlinear system being driven by a two-component
field, we previously examined the gain for such a field driv-
ing a two-level atom.8 These calculations showed that the
gain of the two-component field displays resonances when
the frequency separation of the two fields is equal to the
Rabi frequency or to a subharmonic of the Rabi frequency.

In this paper we consider the stability of a bichromatic
laser field. Since a general self-consistent solution to the
multimode laser equations is not available, the stability
analysis must be carried out in some other manner. The
equations could be numerically integrated; however, the pa-
rameter space is too large for such a solution to provide
intuition. An alternative is to calculate the atomic response
to the laser field and examine the gain experienced by a
probe field. When the probe-field gain exceeds the laser-
field gain, an instability will occur. In this paper we discuss
the stability of a bichromatic field to the growth of a bichro-
matic probe field by using just such an alternative.

The analytic description of the interaction of four field
components with a resonant medium is a cumbersome task.
The nonlinear response of the medium produces combina-
tion tones of the field components in the polarization of the
medium. When the frequencies of the combination tones
are incommensurate with one another, the medium can ex-
hibit a broadband spectral response.'2 The analytic de-
scription of such a problem becomes extremely difficult.
However, if the frequencies of the combination tones are
commensurate, one can employ Floquet's theorem13 to study
the problem analytically. If dispersion in the cavity is ne-
glected, the mode frequencies are all commensurate with one
another. The mode frequencies are integer multiples of the
inverse of the cavity round-trip time. Therefore the sim-
plest physical situation is one in which the field frequencies
are commensurate with one another. The most elementary
four-component field is one in which each field component
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frequency determines the vector's rate of oscillation. In
defining the field above, we chose an arbitrary phase factor
so the complex phasor lies along the real axis of the complex

plane.
There are two independent subharmonic probe fields at

each modulation frequency. When the field is symmetric
about the atomic resonance, as in our case, the independent
probe fields are in phase or in quadrature to the strong field;
these phasors will be along the real or imaginary axes, re-

spectively. The expression for the 100% AM perturbative

fields will be similar to the expression above; however, in

general there will be a phase difference between the oscilla-

tions of the perturbative fields and the strong field. With
these considerations in mind, we choose the perturbation to
the 100% AM field for our calculations to be of the form

6E(t) = 46t' cos(1/36wt + O')cos ct - 464"

-8co -8co/3 Wco/3 co

frequency ( - atom)

Fig. 1. Applied field spectrum. We plot the spectrum of the field

used for the calculation as vertical arrows. The field is assumed to

be symmetrically placed about the atomic resonance, watom. The

atomic resonance is graphically displayed as a Lorentzian line

shape. The field is made up of frequency components at w - 5w, w -

1w36w, w + 1136w, and w + 6w. The components at w + 6w and w - 6w

are referred to as the strong field in the text.

creates a degenerate beat frequency with the nearest other
field component. We examine such a field and further spec-

ify the problem by considering only subharmonic probe
fields. These probe fields are especially interesting, as they

give us insight into possible physical mechanisms for sub-

harmonic instabilities. The same analysis could be carried
out for other subharmonic fields, such as the 1/2 subhar-
monic observed in period-doubling sequences. The tech-

niques used in the analysis of such a field would be identical;

however, the dimension of the matrices used in the solution
would be larger. The stability of bichromatic fields to har-

monic bichromatic probe fields will be the subject of a future

paper.14 For simplicity, the fields are symmetrically placed
about the atomic resonance frequency; the extension of the
problem to include asymmetric field states is straightfor-
ward. Figure 1 shows the spectrum of this symmetric field.

OUTLINE OF THE CALCULATION

The general expression for a four-component field is better

understood by first analyzing the single 100% amplitude-
modulated (AM) field. The expression for such a field is

written as a two-component field or as a single component
with a sinusoidal amplitude

El(t) = 20[cos(w + 6w)t + cos(w - bw)t] (la)

= 40 cos 6wt cos wt.

X sin('/36wt + 6")sin wt. (2)

In Eq. (2), the amplitude of the in-phase (in-quadrature)
probe field is 6t' (6k"). The phase between the oscillations
of the strong field and the in-phase (in-quadrature) subhar-
monic probe field isO' (6"). The total field is the sum of Eqs.
(1) and (2).

The optical Bloch equations model the response of a two-
level atom coherently driven by an optical field.'4 In a
reference frame rotating at the frequency w, the optical
Bloch equations are

e = -Q 11(t)w - u/T2,

= Q'(t)w -VT2,

= "(t)u - '(t)v - (w - Weq)/Tl,

in which

Q (t) = 2K[60' cos('/ 36Wt + 0') + t cos but],

Q"(t) = 2K6
5t sin('/ 36wt + 0"),

(3a)

(3b)

(3c)

(4a)

(4b)

and K = 2d/h. The dipole-moment matrix element between
the two levels is d, and h is Planck's constant. The slowly
varying amplitude of the in-phase (in-quadrature) part of
the dipole moment is u (v). The inversion of the two-level
system is w; Weq is the value to which the inversion decays in

the absence of a coherent field. The relaxation times of the
inversion and polarization are T, and T2 , respectively. The
field components that are in phase (in quadrature) to the
rotating frame are Q'(t) (Q"(t)).

Floquet's theorem tells us that in the stationary state the
atomic variables will respond at harmonics of the driving-
field modulation frequency. So in the stationary state we
express the atomic variables as Fourier series in the modula-
tion frequency:

(lb)

The amplitude of each frequency component is equal to
20.

The use of complex phasor diagrams to describe the phase
relationships among multicomponent fields can be helpful.

The complex phasor for a 100% AM field is a vector that

oscillates along a line through the origin. The amplitude of

the field determines the length of the vector; the modulation

u = un exp('/3 inbcot), v = vE n exp(/,in6wt),

n=- n=-

W = n exp(/ 3in6wt)-
n=-

(5)

This assumption leads to the following recurrence relations:
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(6a)

(6b)

(1 + '/3in6&T2)un = (69'wn_1 + 6Q2*w,+,)T 2,

(1 + 1/3 in6wT 2 )Vn = (62'Wn-1 + bg'*Wn+l + Q'Wn-3

+ Q'wn+3)T2,

(1 + '/3in6wT1)wn = Weq6 no - (6 Un- + 6QY*Un+1

+ 6QYVn-1 + *Vn+ + Q'Vn-3

+ Q'vn+3 )T1, (6c)

in which

Q = Ki, (7a)

6a' = Kb$' exp(iO'), (7b)

al" = iK64 exp(iO"), (7c)

and the asterisk denotes a complex conjugate. The Kro-
necker delta function is 6

nO-
We solve for u and v in the first two recurrence relations

and eliminate them from the third relation. The third rela-
tion then becomes a function of the Fourier components of w
alone:

anwnw6 + bwnw 4 + Cnwn-2 + dnwn + enwn+ 2

+ fwn+ 4 + gnWn+6 = Weq6n,0, (8)

in which

an = Ln- 3 '2T1T2 , (9a)

bn = (Ln-. + Ln- 3)Q'697TT 2, (9b)
Cn = [L..1(60,22 + aq,22) + (Ln+l + Ln-3)Q6Q*]TT 2, (9c)

dn = [1 + I 3inbwT + (Ln+ + L1)((16gI + 6Q2I )T1T2

+ (Ln+3 + Ln. 3)Q' 2TlT2], (9d)

en = [Ln+l (69Y*2 + a,*
2) + (Ln- + L+ 3)2'62']TT 2 , (9e)

fn = (Ln+l + Ln+3)9'62ai*TlT 2, (9f)

gn = Ln+3j2' 2 T1 T2 , (9g)

and

Ln = (1 + /3in6wT 2)-'. (9h)

This recurrence relation, Eq. (8), can be rewritten as a three-
term recurrence relation; the terms are products of matrixes
and vectors:

PnWn-2 + QnWn + Rnn+2 = Dn (10)

in which

b3 n- 2 C3M-21

a3n b3n I

0 a 3n+2j

e3n-2 f 3 n- 2 1
d 3 n e3n I

C3n+2 d 3 n+2J

g3n-2 0 0

Rn = f3n g 3n 0

Le3 n+2 f3n+2 g3 n+2 J

Dn = Weq [no 
W3n-2

Wn = W3n.

W3n+2J

(11)

We solve this three-term recurrence relation by using matrix
continued fractions.'5 The solution is given in Appendix A.
Now that we have determined the atomic response, we calcu-
late the gain experienced by the probe fields.

The time-averaged product of the probe field and the time
derivative of the polarization gives the gain experienced by
the probe field. The gain of the in-phase subharmonic
probe field is proportional to the real part of the first har-
monic of v:

d6'/dz = a Re[vl exp(-i')]/2KT2. (12a)

The gain of the in-quadrature subharmonic probe field is
proportional to the imaginary part of the first harmonic of :

d6"/dz = a Im[u, exp(-iO")]/2KT2 . (12b)

DISCUSSION OF RESULTS

In Fig. 2 we plot the in-phase subharmonic probe-field gain
as a function of modulation frequency for various strong-
field intensities. At low intensities the probe-field gain is a
Lorentzian in modulation frequency with a width of /T2 .
As the intensity of the strong field is increased, the gain
curve develops a dip near zero modulation frequency. The
dip has a width of 1T1. The presence of this dip implies
that the probe field will experience the greatest gain for a
nonzero modulation frequency. In Fig. 3 we plot the in-
quadrature subharmonic probe-field gain as a function of
modulation frequency for various strong-field intensities.
Again we see that at low intensities the probe-field gain is a
Lorentzian in modulation frequency with a width of /T 2.
As the strong-field intensity is increased, the gain curve
develops an antidip near zero modulation frequency.

The calculations have shown both quadratures of the
probe-field gain to be independent of ' and 0". In Appen-
dix B we show analytically that the in-quadrature subhar-
monic probe-field gain is independent of 0". The indepen-
dence of subharmonic gain from the phase difference be-
tween the oscillations of the probe field and the oscillations
of the strong field implies that the subharmonic component
of the polarizations is directly proportional to the subhar-
monic field. In contrast, it can be shown that the harmonic
probe-field gain exhibits a strong dependence on the phase
difference between the strong field oscillations and the har-
monic probe-field oscillations. Also, if the amplitude of the
probe fields is increased, so that their interaction can no
longer be considered only to first order, the gain of the
subharmonic field becomes dependent on 0. The indepen-
dence of the gain from the phase implies that the instabil-
ities predicted may be symmetry-breaking instabilities.

a3n-2

Pn = 0
[0
-d3n-2

Qn =C3n

_b3n+2
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Fig. 2. In-phase subharmonic probe-field gain. We plot the in-
phase subharmonic probe-field gain as a function of 6w for various
values of the strong-field intensity. A dip in the center of the gain
curve develops at low intensity. This means that the maximum
gain occurs for nonzero modulation frequencies. Time-averaged
strong-field intensity, I, = 2(,c,) 2TiT 2 = 0, 2/, 1'/3, 2, 22/3, 31/3, 4, 42/,
51/3, 6. Inversion decay time T, = 10T2.
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In Figs. 6 and 7 we plot the peak position of the subhar-
monic gain curves as a function of modulation frequency and
amplitude of the strong field. Here we can clearly see the
peaks move out to higher frequencies linearly as the electric
field increases. This linear dependence suggests a connec-

tion between these resonances and the Rabi frequency. In
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Fig. 4. In-phase subharmonic probe-field gain. We plot the in-
phase subharmonic probe-field gain as a function of 6w for larger
values of the strong-field intensity. Structure develops within the
dip that formed at low intensity. The additional structure appears
at subharmonics of the main resonance. Time-averaged strong
field intensity, I = 2(K~)

2T 1T 2 = 10, 20,30,40,50,60,70,80,90,100.
Inversion decay time T, = 1OT2.
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Fig. 3. In-quadrature subharmonic probe-field gain. We plot the
in-quadrature subharmonic probe-field gain as a function of 6w for
various values of the strong-field intensity. In contrast to the in-
phase subharmonic probe-field gain, the in-quadrature subhar-
monic probe-field gain develops an antidip near the center of the
gain curve. The intensities and decay times are the same as for Fig.
2.

The phase of the light field for a laser at the first laser
threshold displays similar behavior.16

In Figs. 4 and 5, respectively, we show the in-phase and in-
quadrature subharmonic probe-field gains for larger strong-
field intensities. In both cases, additional structure begins
to develop about the initial feature. The additional maxima
and minima seem to move out with a parabolic dependence
on intensity.

0 3 6
modulation frequency (8caT2)

9

Fig. 5. In-quadrature subharmonic probe-field gain. We plot the
in-quadrature subharmonic probe-field gain as a function of 6w for
larger values of the strong-field intensity. Additional structure
appears outside the antidip formed at low intensity. These peaks
also appear at subharmonics of the main resonance. Time-aver-
aged strong-field intensity, h1 = 2(Kt)

2TT 2 = 10, 20, 30, 40, 50, 60,
70, 80, 90, 100. Inversion decay time T, = 1OT2.
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Fig. 6. Peak positions of the in-phase subharmonic probe-field
gain. We plot the peak positions of the in-phase subharmonic
probe-field gain as a function of Rabi frequency, K4j, and modula-
tion frequency, 6w. The position of the resonances in modulation
frequency varies linearly with the strong-field Rabi frequency. In-
version decay time T = 1T2.
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monic resonances such as these are also present in the two-
frequency problem and have also been predicted in other
multichromatic analyses.'7

In Fig. 8 we show the strong-field gain as a function of
modulation frequency for a fixed strong-field amplitude. In
Ref. 8 the maxima in the strong-field gain curve were found
to occur where the zeroth-order Bessel function, J(2K/6w),
is equal to zero. For large Rabi frequencies, K, and small
modulation frequencies, 6w, the zeros of the Bessel function
become equally spaced. It is in these regimes that the reso-
nances become subharmonics. In Fig. 9 we plot the in-

3 6
modulation frequency (o&T2)

Fig. 8. Strong-field gain curve. We plot the strong-field gain as a
function of modulation frequency, 6w. The maxima occur at the
zeros of the zeroth-order Bessel function, J(2Kxj/6w). Rabi fre-
quency of the strong field, K~ = 5/T2. Inversion decay time T =
lOT2 .
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modulation frequency (caT2)
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Fig. 7. Peak positions of the in-quadrature subharmonic probe-
field gain. We plot the peak positions of the in-quadrature subhar-
monic probe-field gain as a function of Rabi frequency, Kll, and
modulation frequency, 6w. The position in modulation frequency of
the resonances of the in-quadrature subharmonic probe-field gain
also varies linearly with strong-field Rabi frequency. The slopes of
the lines are equal to the slopes of the lines in Fig. 6. The decay
times are the same as in Fig. 6.

contrast to the two-field problem, where the positions of the
resonances are found to be independent of the damping
rates,8 the positions of the subharmonic probe-field reso-
nances do display a dependence on damping. The maxima
occurring at the largest modulation frequency vary most
drastically with variation of the ratio between T and T2.
The subsequent peaks vary less and less sensitively. The
physical mechanism responsible for this behavior is not well
understood. Some of the features, however, are similar in
behavior to that seen in multiphoton absorption.'7 Subhar-

0.0

-0.02

0 3 6
modulation frequency (8(oT2)

9

Fig. 9. Gain curve of the three pairs of fields. We plot (a) the
strong-field gain, (b) the in-phase subharmonic probe-field gain,
and (c) the in-quadrature subharmonic probe-field gain as a func-
tion of modulation frequency, 6w, for the same parameters as in Fig.
8. The absolute maxima of the strong-field gain curve exceeds the
subharmonic probe-field gains. At that modulation frequency the
strong field will be stable to the growth of subharmonic probe fields.
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Fig. 10. Influence of damping on the in-phase subharmonic probe-

field gain. We plot the in-phase subharmonic probe-field gain as a

function of modulation frequency for three different ratios of T, to
T2. Rabi frequency of the strong field, Ktj = 3/T2. The inversion
decay times for the three curves are (a) T, = 1/2T2, (b) T, = T2, and
(c) T, = 1OT2.
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Fig. 11. Influence of damping on the in-quadrature subharmonic
probe-field gain. We plot the in-quadrature subharmonic probe-
field gain as a function of modulation frequency for three different
ratios of T, to T2. Rabi frequency of the strong field, Ki = 3/T2.
The inversion decay times for the three curves are (a) T, = 1/2T2, (b)
T, = T2, and (c) Tj = 1OT2.

phase, in-quadrature, and strong-field gains as a function of
modulation frequency for the same parameters as for Fig. 8.

At this intensity the in-quadrature probe-field gain is always
positive; it exceeds the strong-field gain for all modulation

frequencies, except in the vicinity of the absolute maxima of
the strong-field gain curve. The in-phase probe-field gain
takes on both positive and negative values as a function of

modulation frequency. It can also be noted that the oscilla-
tions in modulation frequency of the two subharmonic gain
curves are 1800 out of phase with the oscillations in modula-

tion frequency of the strong-field gain. It is important to
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remember, however, that the frequency separation of the
probe fields is one third the modulation frequency, 6w. This
means that the presence of a frequency-dependent loss in-
fluences the two curves differently. For instance, a frequen-
cy-dependent loss that increases with increasing modulation
frequency reduces the strong-field gain curve more than it
does the probe-field gain curve. This type of frequency-
dependent loss models the frequency-selection elements
used in lasers. Reduction of the strong-field gain makes it
possible for the probe-field gain to exceed the strong-field
gain. If the strong field is the field in a laser, this reduction
allows the probe field sufficient gain to overcome losses and

begin oscillation. The severity of the frequency-dependent
loss determines the point at which the instability will occur.
The experiments of Hillman et al.5 and Stroud et al.18 con-
firm these conclusions. A high-dispersion flint-glass prism
was used as the frequency-selection element by Hillman et

al.5 They found that the bichromatic field became unstable
after a splitting of -80 A. The 80-A bichromatic field col-

lapsed to a bichromatic field of smaller separation. A low-
dispersion quartz-glass prism was used by Stroud et al.,18

and the bichromatic field was found to remain stable to a
separation of 340 A. While the frequency-dependent loss of

the quartz-glass prism was insufficient to destabilize the
bichromatic field, the dispersion of the flint-glass prism pro-
vided sufficient frequency-dependent loss to destabilize the
bichromatic field at a splitting of -80 A.

In Figs. 10 and 11 we plot a series of in-phase and in-

quadrature subharmonic probe-field gain curves for fixed

strong-field amplitudes as a function of modulation frequen-
cy and three different ratios of damping times. The ratios
chosen are indicative of collisional dephasing (T2 << Tj),

strong collisions (T2 = Tj), and radiative broadening (T2 =

2T,). These plots indicate that the shape of the in-phase
gain curve is not a strong function of the ratio of damping
times. However, as noted above, the positions of the maxi-
ma do show a dependence on the ratio of T, to T2. The in-
quadrature subharmonic probe-field gain does indicate a
dependence on the ratio of T, and T2 for modulation fre-
quencies less than 1/T2 . However, for modulation frequen-
cies greater than the linewidth, 1/T2 , the curves are quite
similar in form and show only a weak dependence on the

ratio of T, to T2.

CONCLUSIONS

We have calculated the atomic response to a pair of 100%
AM fields. We used this solution to calculate the gain seen
by a 100% AM subharmonic probe field. The subharmonic
probe field sees a Lorentzian line shape in modulation fre-
quency for the limit of small amplitude. As the strong field
amplitude is increased, it modifies the line shape experi-
enced by the subharmonic probe field. The line shape con-
tains a primary resonance and subharmonic resonances of
this primary resonance. The positions of the resonances
vary linearly with the Rabi frequency of the strong field.
The locations of the resonances also depend on the ratio of
the inversion decay rate to the dipole decay rate.

We have also observed that the gain of the subharmonic

probe field is independent of the phase between the oscilla-
tions of the strong field and the oscillations of the subhar-
monic probe field. This independence of phase implies that

_1 I

(a)
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II

I I
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the subharmonic response of the atom is directly proportion-
al to the subharmonic field. It also predicts that the insta-
bilities will be independent of this phase difference.

The calculations also reveal that the 100% AM strong field
is stable to the growth of subharmonic fields if there are no
frequency-dependent loss mechanisms. However, if fre-
quency-dependent loss mechanisms are present, we predict
that the 100% AM field will go unstable. The point at which
the field goes unstable depends on the severity of the fre-
quency-dependent loss. This conclusion agrees well with
observed instabilities in cw dye lasers. 5"18

SW= WO,

where the vectors W and W0 are

WT= Wo Wo = weq

The matrix S has elements sij, where

APPENDIX A

In this appendix we outline the method for calculating the
gain of the subharmonic probe fields.

The larger harmonic components of w must become less
significant if the Fourier series in Eqs. (5) are to converge
and the rotating-wave approximation is to remain valid.
Therefore we assume that the harmonic components of the
inversion, w, are negligible for n > N. With this assump-
tion, the recurrence relation, Eq. (10), for n = N can be
written as

PNWN- 2 + QNWN = 0,

which implies that

WN = -QN PNWN-2-

(Al)

(A2)

The recurrence relation, Eq. (10), for n = N - 2 can now be
written as

PN-2WN-4 + (QN_2 - RN-2QN'PN)WN- 2 =0, (A3)
which implies that

WN-2 = -(QN-2 -RN-2QN PN) PN_2WN-4 (A4)

We continue in such a fashion, defining the larger-index
Fourier amplitudes in terms of the lower-index Fourier am-
plitudes, until we reach the relation for n = 2. This relation
has the following form:

W2 = -(Q2 - R2(Q4- R4 ( ... (QN-2 - RN-2QN('PN)'

(A5)

or, more simply,

T2 = MWO, (A6)

where M is the matrix continued fraction, with elements mij.
This expression, Eq. (A6), relates the harmonic components
W4, W6 , and w8 to the harmonic components w0, w2, and w- 2.
Strictly speaking, the matrix M is a function of N. However,
N is chosen sufficiently large that M becomes independent
of N to the desired accuracy of the calculation. This is our
criterion of convergence. Since the inversion, w, is a real
quantity, the Fourier components obey the relation

w = w-,,*. (A7)

We now consider Eq. (8) for the cases n = -4, -2, 0, 2, 4.
Using Eqs. (A6) and (A7), we write these five relations in
matrix form as

s1 = d. 4 + a-4m33 * + b-4m23* + C-4m13*,

S12 = e- 4 + a. 4m 32* + b. 4m 22* + c. 4m12*,

S13 = f- 4 + a- 4m 31* + b. 4m21* + c- 4m11l*

S14 = g 4,

S15 = 0,

S21 = C-2 + a- 2m 23* + b- 2m13*,

S22 = d_ 2 + a- 2m 22* + b-2m12*,

S23 = e- 2 + a. 2m 21* + b- 2m11*,

S24 = f-2,

S25 = g21

S31= bo + aOm13*'

S32 = co + aOm12*,

S33 = do + a 0mll* + gomll,

S34 = S32

S35 S31

S41 = a 2,

S42 =b2

S4 3 = c2 + f2m11 + g2m21,

S44 = d 2 + f 2 m12 + g 2m 2 2,

S45 = e2 + f2mI 3 + g2m23,

S51 = 0,

S52= a4 ,

S53 = b4 + e4 m, 1 + 4 m2 1 + g4 m3 1,

S54 = C4 + e4 m12 + f 4 m 22 + g 4m 32 ,

S55 = d 4 + e4 m13 + f4 m 2 3 + g 4m 3 3 -

Equation (A8) represents a system of five linear equations
with five unknowns. The solution gives us expressions for
WO, W2 , W4, and their complex conjugates. We can use these
expressions to find the other Fourier components of w.
From Eqs. (6a) and (6b) we can then determine the Fourier
components of u and v that determine the gain.

(A8)

(A9)

Koch et al.

X P1V-2)_1PN-4 ... )_1P6)_1P4)_'P2W0,
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APPENDIX B

In this appendix we show that the gain of the in-quadrature
subharmonic probe field is independent of the phase differ-
ence, 0", between the oscillations of the subharmonic probe
field and the strong 100% AM field.

The solution for the atomic response to a single resonant
100% AM field has been found in Ref. 8. If we linearize the

Bloch equations about this solution, the equation of motion
for the perturbation to the slowly varying amplitude of the
in-phase dipole moment becomes

ba = -6Q"(t)wAM - bu/T, (Bi)

where bu is the perturbation to the slowly varying amplitude
of the in-phase dipole moment. The perturbative field in
quadrature to the 100% AM field is 6Q"(t). The stationary
solution for the inversion to the Bloch equations driven by a
resonant 100% AM field is WAM. Recall that WAM can be
written as

WAM = wn exp(ino.wt). (B2)
n=-

If 6Q"(t) = 26Q" sin('/ 3wt + 0") we can employ Floquet's
theorem and write the stationary solution to Eq. (Bi) as

bu = 6 bun exp('/ 3 inbwt). (B3)

n=--

This assumption leads to the following recurrence relation:

(1 + '/3 in6wT 2 )bun = i6Ql"T21w(n1)/ 3 exp(iO')

- W(n+l)/ 3 exp(-iO")]. (B4)

The gain of the in-quadrature subharmonic probe field is
proportional to bul exp(-iO"). From Eq. (B4) we find

5u, exp(-i0") = ibQi2T2w 0/(1 + '/3ibwT 2). (B5)

The right-hand side of Eq. (B5) is independent of 0"; this
implies that the in-quadrature subharmonic probe-field
gain is independent of the phase difference between the
oscillations of the in-quadrature probe field and the oscilla-
tions of the strong field.
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