
University of Rochester

OPT253 Lab 1 Report

Observing Entanglement: Violations of
Bell Inequalities

Author:
Nicholas Cothard
Peter Heuer

Professor:
Dr. Svetlana Lukishova

December 11th 2013



1 Abstract

Bell inequalities are classical relationships that are violated by entangled particles, providing
strong evidence against local realistic hidden variable theories of quantum mechanics. In this lab
we violated the CHSH Bell inequality using polarization entangled photon pairs produced by a pair
of barium borate (BBO) crystals. We violated Bell’s inequality with a value of S = 2.691± 0.114,
6.087 standard deviations above the classical maximum value of S = 2, and with a maximum to
minimum visibility of 99.99%.

2 Introduction

In the early 20th century the advent of quantum mechanics lead to one of the great debates of
modern physics. Are events at the quantum scale really completely random, or are they governed
by local hidden variables (as-yet undiscovered properties of quantum objects), as famously argued
by Einstein, Podolsky, and Rosen (EPR) in 1935? For nearly thirty years, no experiment was
proposed that could discern between these two perspectives. At last, in 1965, John Stewart Bell
proposed an experimental inequality that would definitively answer the question.

Bell’s inequality is a simple relationship of probabilities that holds whenever the relevant
experimental variables are uncorrelated. In the classical world of coin flips and dice tosses this
inequality is always satisfied, because the result of one coin flip is completely independent from
the result of another. If the EPR theory of local hidden variables were true, then this would be a
fine assumption. In the quantum world, however, it is not always the case.

When produced in the right way, quantum particles can be linked together; a phenomenon
known as entanglement. Measuring one particle in an entangled pair tells you with absolute
certainty about some property of the other particle. For example, imagine that two entangled
coins were flipped while hidden from view. If one coin was revealed to be heads, the other would
be heads as well, and vice versa. The same result would be found if the two coins were moved
light years apart before being revealed simultaneously, such that the speed of light prevented any
communication between them. Einstein famously referred to this phenomenon as spooky action
at a distance.

Entangled particles violate the basic assumption of Bells inequality: the measurement of one
particle does affect the measurement of the other. Therefore, carrying out a quantum coin flipping
experiment with entangled coins can lead to a violation of Bells inequality. The observation of such
violations by Freedman and Clauser in 1972 demonstrated the reality of entanglement, settling
the debate in favor of a truly probabilistic model of quantum mechanics.

3 Theory

Photons produced by the BBO crystal used in our experiment are entangled in polarization,
meaning that we can write their quantum state as

Ψ = |HH〉+ |V V 〉 (1)

where H and V stand for horizontal and vertical polarization respectivly, but not as a product
of the individual |H〉 or |V 〉 states of the seperate photons. Therefore measuring one photon
collapses the wavefunction into one of two possibilities, guaranteeing that the second photon will
have the same polarization as the first.

In this lab we violated the CHSH Bell inequality, named after its authors John Clauser, Michael
Horne, Abner Shimony, and Richard Holt. The following derivation of the inequality follows their
original paper.

Suppose that the measurment of a photon in either detector A or detector B is a function of
both the angle of a polarizer placed before the detector (a and b, respectivly) that take on the
values ±1 when a photon is detected or not detected. Let λ be some hidden variable that ranges
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over a set of values Γ that represents information communicated between both particles when
they were created. The value measured by detector A is thus a function of both the angle of the
polarizer, a, and λ: A(a, λ), and likewise B(b, λ).

We can then define a correlation function of A and B with respect to λ

E(a, b) =

∫
Γ

A(a, λ)B(b, λ)ρ(λ)dλ (2)

where ρ(λ) is the probability distribution of the hidden variable. Experimentally, for a set
of measurments where a and b are the angles of the polarizers in front of the detectors, we can
equivalently write

E(a, b) =
N(a, b) +N(a⊥, b⊥)− [N(a, b⊥) +N(a⊥, b)]

N(a, b) +N(a⊥, b⊥) +N(a, b⊥) +N(a⊥, b)
(3)

Using the triangle inequality (|x+ y| ≤ |x|+ |y|), we can then write the difference between two
correlations as

|E(a, b)− E(a, c)| ≤
∫
Γ

|A(a, λ)B(b, λ)−A(a, λ)B(c, λ)|ρ(λ)dλ (4)

Using the fact that B(c,λ)
B(b,λ) = B(c, λ)B(b, λ) and that |A(a, λ)B(b, λ)| = 1 since A and B always

equal ±1, this reduces to

|E(a, b)− E(a, c)| ≤
∫
Γ

(1−B(c, λ)B(b, λ))ρ(λ)dλ (5)

Which, given that ρ(λ) is a normalized probabilty distribution, simplifies to

|E(a, b)− E(a, c)| ≤ 1−
∫
Γ

(B(c, λ)B(b, λ))ρ(λ)dλ (6)

Define some δ such that 0 ≤ δ ≤ 1 and E(b, b′) = 1 − δ for some polarizer angles b and b′. If
the counts are nearly perfectly coorelated at this combination of angles, then δ will approach zero.

If we divide Γ into two sets Γ+ and Γ− such that Γ± = {λ|A(b′, λ) = ±B(b, λ)}, then we notice
that ∫

Γ−

ρ(λ)dλ =
δ

2
(7)

Since

E(b, b′) = 1− δ =

∫
−Γ

A(b, λ)B(b′, λ)ρ(λ)dλ+

∫
+Γ

A(b, λ)B(b′, λ)ρ(λ)dλ (8)

Which simplifies to equation 7 using the definition of Γ± and the fact that∫
Γ−

ρ(λ)dλ+

∫
Γ+

ρ(λ)dλ = 1 (9)

The two spaces Γ+ and Γ− can now be used to break apart the last term in equation 6
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∫
Γ

(B(c, λ)B(b, λ))ρ(λ)dλ =

∫
Γ+

A(b′, λ)B(c, λ)ρ(λ)dλ+

∫
Γ−

−A(b′, λ)B(c, λ)ρ(λ)dλ (10)

=

∫
Γ

A(b′, λ)B(c, λ)ρ(λ)dλ− 2

∫
Γ−

A(b′, λ)B(c, λ)ρ(λ)dλ (11)

Using the triangle inequality, we can write 11 as∫
Γ

(B(c, λ)B(b, λ))ρ(λ)dλ ≥
∫
Γ

A(b′, λ)B(c, λ)− 2

∫
Γ−

|A(b′, λ)B(c, λ)|ρ(λ)dλ (12)

The first integral on the right hand side is the definition of E(b′, c), while the second reduces
to δ using equation 7. Going back to equation 6, we can now rewrite the right hand side while
preserving the inequality

|E(a, b)− E(a, c)| ≤ 1 + δ − E(b′, c) (13)

Which can be further simplified using the definition of δ above to get

|E(a, b)− E(a, c)| ≤ 2− E(b′, b)− E(b′, c) (14)

or

|E(a, b)− E(a, c)|+ |E(b′, b) + E(b′, c)| ≤ 2 (15)

The left hand side of equation 15 is often refred to as S, so the inequality can be restated as
S ≤ 2. Since this experiment is to be conducted using polarizers, we expect the results of this
inequality to be rotationally invarient. Therefore, what really matters is the differences between
the angles given. For convenience, equation 15 can be written

S = |E(b− a)− E(c− a)|+ |E(b− b′) + E(c− b′)| ≤ 2 (16)

or

S = |E(α)− E(α+ β)|+ |E(γ) + E(β + γ)| ≤ 2 (17)

where

α = b− a (18)

β = c− b (19)

γ = b− b′ (20)

It can be determined theoretically that, for slightly imperfect polarizers, maximal violations
of this inequality would be observed when α = 22.5◦, β = 45◦, and γ = 157.5◦. These corespond
to the following.

Setting Angle (deg)
a 0
a’ 45
b 22.5
b’ 67.5
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S is linear in each of the correlations, so the error in a measurment of S is simply the sum of
the absolute values of the errors in the correlations. Taking the necessary derivatives of equation 3
and using the error propegation formula, the error in E is found to be

σE
2 =

2N(a, b⊥) + 2N(a⊥, b)

ΣN
(σa,b

2 + σa⊥,b⊥
2) +

2N(a, b) + 2N(a⊥, b⊥)

ΣN
(σa,b⊥

2 + σa⊥,b
2) (21)

Since the inequality above (equation 17) was derived assuming that the measured values A and
B were determined by a local hidden variable, a violation of this inequality cannot be explained
by a hidden variable theory. Moreover, since the photons are spatially seperated when they are
measured, the absence of a hidden variable is also a demonstration of nonlocality.

4 Experiement

Figure 1: Entangelment experiment setup

Figure 1 shows our setup for measuring Bells inequalities. A LabView program controls the
405.5nm laser which ran at a power between 20 and 25mW . The laser was guided to the rest of the
aligned optical setup using the standard two mirror system for ease of alignment and manipulation.
The laser then passes through a quartz (half- wave) plate which is used to offset the phase difference
caused by the separation BBO crystals. After the quartz plate, the laser passes through two BBO
(barium borate) crystals which are rotated 90◦ about their optical axes from each other. BBO
crystals are non-linear, birefringent crystals which cause spontaneous parametric down conversion
of incident photons. This creates a cone of photons around the incident beam of photon pairs with
wavelength 811nm. The two crystals with perpendicular orientation produce photon pairs which
are of opposite polarizations in two cones of photons (figure 2). The remainder of the experiment
will determine if the photon pairs are entangled.

Two polarizers are placed on opposite ends of the light cones. These will be used to determine
the polarization states of the photons in the light cones. Following the polarizers are objectives
which focus light from the polarizers into fibers which have been coupled to the objectives. The
fibers lead to the APDs which are connected to a computer card which counts coincident photons
on the APDs.

LabView software has been developed by TAs and students of this course to collect photon
count data from the APDs. The software collects photon count rates for each APD as well as the
coincidence count rate for when both APDs detect a photon at the same time. The coincidence
count rate has a resolution of 26ns. The user gives the LabView program an acquisition time
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Figure 2: Perpendicularly polarized photon cones from BBO crystals

window and the software then collects photon count data for that time interval. Peter Heuer
designed the softwares statistic routine. In order to collect statistics on the count measurements,
Peter gave the user a new option for the number of measurements to be taken. With multiple
measurements, a standard deviation of the individual count rates and the coincidence count rate
is easily calculated.

It is possible that accidental coincidences may occur. It is possible that one photon from a
parametrically down converted pair may arrive at a detector at the same time as a photon from
another pair. This a result of having a 26ns APD integration window. Or perhaps, a stray
photon from the bright computer monitors in the room bounces into the detector and causes a
coincidence. These are called accidental coincidences. Accidental coincidences may be calculated
using the following equation:

Naccidental =
Na ·Nb

τ
· 26ns (22)

Where τ is the APD’s acquisition time window (0.5sec for our trials).

Thus, the net coincidence count is

Net coincidence = Average coincidence−Accidental coincidence (23)

Before we used this setup to measure Bell inequalities, we attempted to evaluate the condition
of our setup. We performed two analyses on the setup. First, we verified the cos2(β−α) dependence
of the coincidences (β and α are the two relative polarizer angles). Since we expect each entangled
photon pair to have the same polarization, the coincidence count rate should depend sinusoidally
on the polarizer angles. To measure this dependence, we set polarizer A to a stationary angle
of 135◦ and took 18 coincidence count measurements for every 20◦ of polarizer B. We then set
polarizer A to be stationary at 45◦ and repeated the 18 measurements by rotating polarizer B
every 20◦. Figure 3 distinctly shows the cos2(β − α) dependence.

Taking the definition of fringe visibility to be visibility = Max−Min
Max+Min , we obtained excellent

visibility values for both curves. The fringe visibility for the stationary polarizer A curve was
found to be 0.981 and the visibility for stationary polarizer B curve was found to be 1.000.

For the second analysis of our entanglement setup, we examined the angle of the quartz half
wave plate which is intended to offset the inherent phase shift in the BBO crystals. The quartz
plate mount has two degrees of freedom. It is able to rotate about its vertical axis and about its
optical axis. We collected two sets of coincidence count data. First, we rotated the plate around
its horizontal, optical axis from −20◦ to +20◦ at increments of 2◦. Second, the rotated the plate
about its vertical axis for the same range of motion. The polarizers in front of the APDs were
each set to the same angle (0◦, 45◦, 90◦, 135◦) and coincidence count data was collected. Figure 4
shows the results for four different polarizer settings.
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Figure 3: cos2(β − α) dependence of polarizers

(a) Rotation about the horizontal axis (b) Rotation about the vertical axis

Figure 4: Conincidence counts as a function of the quartz half waveplate angle

It is unclear why the (45◦, 45◦) data points do not intersect the other data lines. However,
notice that the horizontal axis angle of about +6◦ and the vertical axis angle of about +2◦ seems
to have the most coinciding data points. This is the angle of the quartz wave plate that minimizes
the phase between the vertically and horizontally polarized photons.

With this angle set on the quartz plate, the necessary data was collected to evaluate Bells
inequalities. To make this measurement, we set the laser power to 20mW , set the acquisition time
window to 0.5sec, set the number of measurements to 20, and began collecting coincidence count
data for a series of specific angles. We collected data for every possible combination of the following
angles. Polarizer A angles were −45◦, 0◦, 45◦, 90◦. Polarizer B angles were −22.5◦, 22.5◦, 67.5◦,
112.5◦. Thus, we made a total of 16 measurements of single APD counts and coincidence counts.

With this data, we calculated S = 1.49 and using propagation of errors, we determined our
standard deviation to be σS = 0.20. Therefore, we did not violate Bells inequality.

After our TA realigned the system, we repeated the measurement of Bells inequality for the
same angles. With the newly aligned system, we calculated S = 2.69± 0.11 and so, we have vio-
lated Bells inequalities by 6.09 standard deviations. This strongly suggests that we have observed
entangled photons.

Further, we collected data for different polarizer angles. This time we set the polarizer A angles
to 0◦, 45◦, 90◦, 135◦ and the polarizer B angles to 22.5◦, 67.5◦, 112.5◦, 157.5◦. Using these 16

6



measurements, we violated Bells inequality by 4.38 standard deviations with S = 2.56± 0.13.

As a final test of the polarizer angle dependence, we shifted the angles for polarizer A and B
by an constant arbitrary amount: polarizer A angles were −25◦, 20◦, 65◦, 110◦ and polarizer B
angles were −2.5◦, 42.5◦, 87.5◦, 132.5◦. Using this setting, we violated Bells inequality by 2.77
standard deviations with S = 2.32 ± 0.11. Thus, we can see that the magnitude of our violation
appears to be dependent on the specific angles of the polarizers rather than their only their relative
angles. This may be because of the cos2(β − α) dependence of the coincidence count rate since
the signal-to-noise ratio may be greater for some angles and less for others. At angles where the
coincidence count rate is at a minimum, it will be more difficult to violate Bells Inequalities.

With some extra time in the lab, we decided to run tests on the statistical aspects of the data
acquisition. Previously, we had always collected data using 20 samples for statistics. We wanted
to know how our statistics would improve if we collected 100 samples. According figure 3, we
expect to achieve a maximum of coincidence counts with both polarizers set to 135◦. So, we set
both polarizers to 135◦ and collected single APD counts and coincidence counts for 100 samples
of the 0.5sec acquisition time window. We did this 4 times and averaged the results. We also
repeated the procedure for only 10 samples of the 0.5sec acquisition window. Table 1 shows the
averages of the 4 trials for the 100 and 10 samples.

Table 1: Analysis of statistics: 10 vs. 100 samples

Mean A
Single

StDev A
Mean B
Single

StDev B
Mean Coin-
cidence

StDev Coin-
cidence

100 Samples 5545.2 94.2 6029.2 97.9 120.9 11.7

10 Samples 5499.4 82.3 5966.1 53.1 122.0 10.3

Notice that the standard deviation did not decrease with the increased sample size. In fact, it
increased! Notice also that the there is a very large difference between the standard deviation of
detector B for both sample sizes. This suggests that there may be something wrong with detector
B. Further, any improvements in the violation of Bells inequality with this setup will most likely
involve a better alignment of the system since increasing the sample size does not appreciably
decrease the uncertainty.

5 Conclusion

In this lab, we successfully violated Bells inequalities by 6.09 standard deviations. By produc-
ing photon pairs through the spontaneous parametric down conversion process of the nonlinear
BBO crystals, we created photons whose polarization states appear to have been entangled. In
particular, a measurement on one of the photons polarization state gave reliable information of
the others polarization state. Thus,we have observed Einstein’s spooky action at a distance and
we have created entangled photon pairs. Further, we have calculated Bells inequality for a few
polarizer settings and we have violated the inequality in each. In addition, we have analyzed our
experimental setup by examining the statistical properties of our data collection. In doing so, we
believe that any improvement in our violation measurements would require an improvement in the
optical alignment rather than the data acquisition methods.

Peter contributed to this report by writing the abstract, introduction, and theory sections.
Nick contributed to this report by collecting and creating the images and figures and by writing
the experiment and conclusion sections of the report. Together, we used LATEX.
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