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Creation of topological states in spinor condensates
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We present a simple scheme for generating topological phase states such as dark soliton and vortex states of
a spinor Bose-Einstein condensate using applied magnetic fields. The realization of complex composite spinor
vortices is described and we examine the subsequent dynamical evolution of these states.
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The soliton and vortex states are topological phase statdsve been realized in a two-component Rb conderj8adé
that are characteristic solutions of nonlinear partial differen-There are also several proposals on the creation of solitons or
tial equations such as the nonlinear Schinger equation. Vortices in spinor condensatg8—9] and on vortex genera-
These solutions have been well studied for the case of lighion in single-component condensat¢d0]. All these
propagation in a nonlinear medium and in the context of the’*chemes rely on the presence of laser fields that have the
Gross-Pitaevskii equations used to describe a Bose—Einstef?LOper wave configuration and hence provide the appropriate
condensatéBEC). Many aspects of these states have beeffase pattern and/or necessary coupling. In most of these

. . : : . . schemes, the intensity and detuning of the laser fields, as
tsetlrjr?sle;ngxiﬁetrggecrgﬁtlgx,l[no‘f”lSvuaneer?lluicg Egmpnea/;f?ee“ﬂ zﬁsc'_well as the phase relationship among different fields, need to
P . " be carefully controlled in order to create the right phase.

cessful generation of a trapped gaseous BEC, significant ifgy,e recently, for the case of a spinor condensate, the use of
terest has tuned to the generation of topological states igompination of carefully chosen magnetic and laser fields
these macroscopic, matter-wave systdms5|. The recent |55 heen proposed as a method for creating a toroidal-type
o_bsgrvatlon of vprtlces in atomic BECS' has also recelveqrapping potential in which the magnetic-field geometry in-
significant attention because these vortices can be used {ices persistent currents, a situation that can lead to the cre-
explore the relationship between the gaseous condensatgon of a vortex{11]. In our approach, only applied mag-
and their superfluid counterparts, and because vortices servietic fields are considered. Moreover, our scheme provides a
as fundamental signatures of the superfluid character of Bossimple and straightforward experimental method for creating
condensates. More generally, the creation and study of sudnrich class of states such as dark solitons and the complex
topological phase states of a condensate are of fundamentgpinor vortex state mentioned above.
interest because it represents a macroscopic system in which Our model system is the well-studiéeF 1 spinor conden-
guantum state engineering can be developed and exploredsate [12] confined inside a harmonic trapping potential,
In this paper, we describe a simple method for creatingV 5= m[w522+ wf(x2+y2)]/2, whose Hamiltonian, in the
topological states in a three-component spinor condensajsresence of external magnetic fielBs may be written as

using only static dc magnetic fields. The field co‘HpIes: tha_|:H0+HB+ Hy, where Ho=fdr 37 (r) (T+Viap Pu(r)

internal Zeeman sublevels of the condensate and “imprints contains the kinetic and potential energy willy being the

a topological phase onto the spinor condensate. The phaset;s field tor f in state(a=0.+1- the identical

determined completely by the geometispatia) structure of oson .|e operator for spin staie(a Yy € ldentica

the magnetic field, is independent of the field strength, an@ubscripts are summed oyeHg=— [dr ¢/,(YB-Lap) Y5

takes full advantage of the complex internal dynamics—thd€presents the interaction between the spinor condensate and

spin-mixing effects—which characterize the spinor condenhe magnetic field withy being the gyromagnetic ratio aid

sate. Because we consider a condensate with internal degre8§ zi\ngular momentum operator, and Hy

of freedom, our methoc_i allows for the exploration of a=1[dr lﬂllﬂ;(co%g%ﬁczl-aﬁ‘LW)%% represents the

broader class of topological phase states such as a compl@xernal nonlinear atom-atom interactiph3—15.

vortex state in which vortex structures of the different spin  In this paper, we will show how to create one-dimensional

components together form a single excitation. dark solitond 16] and two-dimensional vortices by appropri-

One of the more straightforward means to create topologiately tailoring the spatial dependence of the time-

cal states in a BEC is the so-callptlase imprinting method independent magnetic field. We will also study the subse-

in which, for example, the topological phase pattern of agquent coherent time evolution of these states with and

coupling (lasey field is impressed onto the condensate. Us-without the magnetic field. For convenience, we will assume

ing such a method, dark solitons have been created in singléaroughout the paper that in the beginning=Q), the spinor

component Rij1] and Na[2] condensates and vortex states condensate is spin-polarized such that only the spin-0 com-
ponent is populated, and that the spatial wave function is in
its ground state as determined by the Gross-Pitaevskii equa-

*Present address: Corning, Inc., Corning, NY 14831. tion[17,18.
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1D solitons 0.03 0.03

t=4

For this case, we assume that the trapping potential i<y, g0l
tightly confined in the radialX-y plane dimension such that
the transverse motional degree of freedom is frozen. Hence
quasi-1D cigar-shaped condensate alongzlais will re-
sult. Further, we choose a magnetic field along xhaxis 0.00
whose strength linearly depends mn
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Such a transverse field couples the spin-0 component to thay -os
spin-(= 1) components, and the spatial varying field strength  _,
twists the phase of the wave function such that phase jump:
of 7 occur along the density profiles. These jumps are sig-
natures of dark solitons.

) FIG. 1. Density and phase profile of the spinor condensate under
To focus on the effect of the field, let us assume that the i : P , prol . P . u
magnetic field is sufficiently strong such that the magnetiqtransverse magnetiB=Bo(z—2o)x. Solid lines: spin-0; dashed
. ines: spin-(1). In the phase plots, the fast oscillations at the ends
energy 1 much larger than .a” the Oth?r e.”ergy Scale.s’ anéj:e numerical artifacts. The parameters used correspondidaa
hence we can include onlyg in the Hamiltonian, neglecting

Il the other t This vield t of Ii diff i Ispinor condensate with>210° atoms confined in a harmonic trap
a € other terms. IS yIelds a set ol linear difterential iy, w,=27X40 Hz, v, =47w,. HereBy=20 mG/cm,z,=0.

equations: The units for length and time in Figs. 1-4 até/(2mw,) and
1l/w,, respectively.

i 0(2,1) = = by(z— 20) [ 1(2,0) + 4 (z,1)]/\2,
Figure 2 shows the population evolution under the effect
. of such a field. Collapse and revival structure can be ob-
[ 1(2,0) = —by(z—20) ho(2,)/V2, served due to the dephasing and rephasing of the high exci-
tation modes induced by the field as well as the internal
where b,= yBj/#. The above equations, under our initial nonlinearity of the condensate.
conditions, can be easily solved to yield Figure 3 shows the dynamics of the system at field
after one dark soliton has been created. For this case, the
same field as in Fig. 1 is turned on frans 0 to 1 and then
off afterwards. One can see from this example that at Bero
field, the system experiences a periodic evolution as gov-
Yoq(z,t)= —(i/\/E) Wo(z,0)sin by (z—zo)t]. erned by its internal, nonlinear atom-atom interaction. At the
end of each period, the system returns back to the state at the
beginning of that period. Such a phenomenon is the matter
wave analog of a high-order or periodic soliton state studied
extensively in the context of nonlinear optics.

Figure 4 shows a similar evolution to that in Fig. 3 except
that here the zero-magnetic-field point is away from the trap
center, i.e.zo# 0. Such a field creates a displaced dark soli-
ton state in spin-£ 1), with the initial phase jump occurring
at z=z,. After the field is turned off at=1, this phase
singularity starts to movéin contrast to the case of a non-

o(z,t) = iho(z,0)cog by (z—2p)t],

Here i4(z,0) is the initial wave function for spin-0, which
has a uniform phase alorng From this, one can see that
whenever cd®(z—z)t] (orsiMb(z—z)t]) changes sign,
there will be a preciser-phase jump ingy(z,t) (or ¥.q).
Furthermore, the number of jumggiven roughly byb,t
times the length of the condenspirecreases with time, and,
for spin-0, no phase jump ever occurs near the region
=24, While there is always a jump at=z, for spin-(=1).
When we carry out numerical calculations using the full
Hamiltonian, we find that most of these properties still hold
regardless of the complexity of the problem. The only quali-
tative difference is that there is a maximum number of phase
jumps (determined by the strength of the figlithat can oc-
cur. This is due to the constraint of energy conservation,
since increasing the number of jumps increases the kinetic
energy. In fact, in the full calculation, the number of phase
jumps is observed to oscillate in time.

Figure 1 shows the density profiles of the condensate at
several different times when tH field is on. Herezy=0,
i.e., the zero field point coincides with the trap center. Also
shown in the figure is the phase of the wave function, which FIG. 2. Population evolution of the spinor condensate uriler
has jumps ofr radians at the nodes of the density profiles. =Bjzx. Same parameters as in Fig. 1.

Population
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frequency is determined by tlisame internal nonlinearity.
However, the population oscillation amplitude decreases as
|zo| increases. This can be intuitively understood: |&g
increases, the constant part of the fi@l§kz, becomes more
dominant. Meanwhile, the effect of a constant transverse
spin-(£1) magnetic field on the initially spin-polarized condensate is to
. N rotate the total spinor vector in spin space such that after the
R AN NN field is turned off, the spinor condensate is still in a station-
0 020 30 40 50 ary state without exhibiting population exchange among its
component$18].

Population
o
N

0.0

(b) t=1 =
0.02 2D vortices

N I ANAN e If, contrary to the previous case, the longitudinal dimen-
=10 =15 sion of the condensate is tightly confined, then we will have
a pancake-shaped quasi-2D condensate. If we then choose

the magnetic-field configuration to be

Density

0.02

0.0 EE == N
Z B=Bg(xx—yy), &)
FIG. 3. (@ Population as functions of time. The fielB

=Bgzx is on fromt=0 to 1.(b) Density profiles for spin 1) at  the magnetic coupling in matrix form may be written as
several different times. Same parameters as in Fig. 1. Solid lines:
spin-0; dashed lines: spin(1).

g O e’ 0
displaced soliton, where the phase singularitg-a0 is sta- BL=-2L|ei® o ¢ , (3)
tionary) to the edge of the condensate with increasing speed V2 0 ei¢ 0

until it reaches the boundary of the condensate, when it re-
appears at the opposite end. After that, it moves towards the
trap center with decreasing speed and stopgs-at z, before ~ Wherep=x“+y~ and ¢ is the polar angle in the-y plane.

it reverses and moves back towards the edge again. Thf@ne can see immediately from E(B) that under such a
motion repeats itself and the phase singularity never enters in

the region of|z|<|z,| [19]. Comparing the population evo-
lution in zero field in Figs. 3 and 4, we see that in both cases
the population oscillates with the same frequefgince the g
5
1.0 2
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: 0‘2 -’l \\\ I/// \\\ //// \\\ //” N
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g 000l e 7% 2 e s
a =10 =15
0.02
- B
0.0 Pl o NN
-20 g 20 -20 % 20 FIG. 5. (a) Population as functions of time. The fielB
=By(xXx—yYy) is on fromt=0 to 1. (b) 2D density profiles ar
FIG. 4. (a) Population as functions of time. The fieB=By(z =~ =0 plane. The parameters used correspond tN\a spinor con-

—27g)X is on fromt=0 to 1.(b) Density profiles for spin1) at  densate with 10 atoms confined in a harmonic trap with,
several different times. Same parameters as in Fig. 1 except that27X40 Hz, w,=47w, . HereBy=25 mG/cm. The units for
Z,="5. Solid lines: spin-0; dashed lines: spin-{). length and time are/#/(2mw,) and 1k, , respectively.
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field, the initial spin-0 condensate will be coupled to spin-imprinted on the condensate is precisefor the dark soliton
(1) in the single vortex state. In practice, the field de-case and & for the vortex caseas it arises solely from the
scribed in Eq.(2) can be obtained with four straight wires geometric configuration of the field and dasst depend on
that carry currents-1 and —1| alternately and run parallel to the strength of the field. Furthermore, the field configuration
the z axis and intersect th&-y plane at the corners of a is simple enough to be easily realized in practige) the

square[20]. position of the phase singularity can be controlled in a
Figure 5 shows the generation and subsequent evolutiogtraightforward manner.
of the vortex state. Again, thB field is turned off att=1. In practice, one needs to account for the noise of the

The evolution is very similar to what is depicted in Fig. 3: external field, i.e., the fluctuations in the strength and posi-
Fromt=0 to 1, when the field is on, a vortex state is createdion of the field. The former does not pose a problem since,
in spin-(+1); after the field is turned off, the system under- 535 \we mentioned above, the topological phase depends only
goes nonlinear oscillation under the internal interaction. Weyp, the spatial geometry of the field. To estimate the effect of
want to point out here that the spin stated and—1 have  tne pointing stability of the magnetic field, we ran our nu-
opposite angular momenta-#, respectively, while the merical code by adding a random noise to the position of the
spin-0 state has zero angular momentum. Hence the spin aBdyo point of the field. From this study, we found that for
orbital angular momenta are entangled. Moreover, the vorteKigh-frequency noiséfrequencies on the order of or larger
core size is widened by the mean-field repulsion from thenan 1qy, for the parameters used in this papehe results
spin-0 atoms, which occupies the interior region of the vor-aphoye do not change significantly since in this case the con-
tex. A similar effect is also observed in the two-componenigensate sees an averaged field with noises canceled out. On
Rb system[4]. This feature may make it possible for the the other hand, for sufficiently strong low-frequency noise,
direct detection of the vortex state via density measuremengye pointing stability of the field does play a role. Instead of
With different field configurations, it is possible to create creating a clean soliton or vortex state, it may create a state
higher-order vortex states. To create vortices with windingyitn many undesired topological defects. Hence, to imple-

number=n, one needs to have a magnetic field: ment our scheme in experiment, one must use a magnetic
field with suppressed low-frequency pointing noise. This is,
BxRd (X—iy)" X+ Im[(x—iy)"]y, however, readily achievable with the current technology as

low-frequency noise can be controlled via active stablization,
~ ~ i ) _and clever design can also force whatever noise there is to be
wherex=x—xo andy=y—Yo, with (xo,Yo) being the posi-  more amplitude than pointing noigee., by having the coils
tion of the vortex core. For example, the Friedburg-Paul se common currents so any fluctuations are “common
hexapole configuration with six wires can produce secondmoden)_

order vortex state§20]. It will be interesting to study the

dynamical and stability properties of these systems. The authors would like to thank Dr. C. K. Law for semi-
In conclusion, we have proposed a scheme to create topoal discussions which helped to inspire this work. This work

logical states inf=1 spinor condensates. Compared withis supported by the National Science Foundation, the Office

other methods, ours possesses the following advantéiges: of Naval Research, and by the David and Lucile Packard

It only involves dc magnetic fieldsii) the topological phase Foundation.
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