General series solution for finite square-well energy levels
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We develop a series solution for the bound-state energy levels of the quantum-mechanical
one-dimensional finite square-well potential. We show that this general solution is usetaddbr
approximations of the energy spectrwhich target a particular energy range of the potential well

for high accuracy, for global approximations of the energy spectrumvhich provide analytic
expressions of reasonable accuracy for the entire range of bound,statbfor numerical methods.

This solution also provides an analytic description of dynamical phenomena; with it, we compute
the time scales of classical motion, revivals, and super-revivals for wave-packet states excited in the
well. © 2000 American Association of Physics Teachers.

[. INTRODUCTION In Sec. Ill, we develop a general series solution for the
energy spectrum that makes use of a “height ratip&llow-

The study of a particle confined to a one-dimensional bo)ng the solution to be “tuned” to different energy ranges in
of finite depth(ca”ed “one of the workhorse problems of the well. This can be used in probllem:?‘ of structure in three
elementary quantum mechanics” by Cantrels important ~ different ways:(a) As local approximations of the energy
both to physics education and to simple models of realistiéPectrumSec. IV), which target a particular energy range of
potentials. It challenges students of quantum mechanics té'€ potential well for highest accuracy. Series solutions for
connect a confining potential with issues of boundary condithe spectrum at the bottom and in the middle of the well are
tions, wave-function continuity, and energy quantization, and@iven as examples. These local approximations provide high
motivates the need for finding approximate solutions todccuracy with relatively simple expressions, but different ap-
equations(in this case, transcendentahat do not have Proximations are needed for each energy range of interest.
closed-form answers. Excellent elementary treatments of thig?) As global approximations of the energy spectruec.
system are found in popular textbodks. VA) which describe the full spectrum of the well and are

Introductory quantum mechanics courses often focus off/dged by their “worst-case™ errofthe largest percentage
problems ofstructure determining the energy levels and €fror predicted, for all energy levels and potential well
eigenfunctions for various one-dimensional potentials. Itdepths. These global approximations converge rapidly
seems under-appreciated that these can be taught naturallytfroughout the well but describe a rather complicated depen-
conjunction with problems oflynamics When a particle is _dence on the quantum numbés) As numerical methodsor
prepared in a spatially localized wave packet instead of in agvaluating the energy leveléSec. VB, which provide
energy eigenstate, it initially exhibitsassical motioff mov-  higher-order(and faster-converginggeneralizations of the
ing back and forth periodically in the potential well. During familiar Newton—Raphson root-finding method.
this periodic motion, however, the wave packet slowly [N Sec. VI, we turn to problems of dynamics. We use the
spreads out and decays away. Long after this decay, there aggngral series solution to predlc'g the time scales for classical
windows of time, calledrevivals and super-revivalsduring ~ metion, revivals, and super-revivals of wave-packet states
which the packet and its classical behavior briefly reappea€*cited in the finite square-well potential and show an ex-
Although the mathematical description of these phenomengmple of the wave-packet motion described by these times.
may be beyond the scope of an introductory course, we be-
lieve that studying wave packets helps students understand
the connections between classical and quantum mechanics
and strengthens their intuition for the quantum physics.

A deep knowledge of the structure of a quantum-Ill. ENERGY QUANTIZATION EQUATION
mechanical potential is the most important tool for under-
standing its dynamics. The wave-packet time scales for clas- The finite square-well potential in quantum mechanics
sical motion, revivals, and super-revivals are related taconfines a nonrelativistic particle of mass to a box of
derivatives of the energy spectriifnand are readily deter- lengthL and potential deptV, and is described by
mined in systems such as the simple harmonic oscilf4oe,
hydrogen atont? or the infinite square-well potentiat,in 0, [x[=L/2,
which the energy levels have simple analytic form. These ~V(X)= Vo, [x|>L/2 W
. . . . (oF] .
times have not been derived for the finite square-well poten-
tial because of the transcendental nature of the equationEhe discrete bound-state energy eigenfunctigvith energy
describing the energy spectrum. In the present paper we<E<Vg) are found by solving the time-independent
show that a series solution for the energies is the necessaBchralinger equation in each region of constant potential
tool to determine these time scales, to connect the structurseparately. These eigenfunctions are superpositions of left-
and dynamics in the finite well in a way that is impossibleand right-traveling waves inside the well and attenuating
when only the numerical values of energy are known. waves outside and are written in the form
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A_exd —\2m(Vo—E)|x|/#], x<-L/2, siN2(a+®)]=0, ®
T, ex +iV2mEX#] where angleb is given by
+T_exgd —iV2mEX#],  |x|<L/2, g). ©
A, ex] —\2m(Vo—E)|X|/A], x>L/2, P
(2 With Egs.(8) and(9), they found a beautiful and remarkably

simple expression for the quantization condition, that the
bound-state energies are solutions of the equation

¢n(x) =

d=sin"?!

with unknown coefficientsA. and T... This suggests two
useful dimensionless quantiti€ssing notation from Barker

et al1?: The scaled actione depends on the particle energy 4| nm
E with atsin tl5/=—5, (10
P 2
_V2mEL 5  Which relates the scaled actianto the quantum number
=T o 3 for a given well-strength parametBr The importance of Eq.

~ (10) over its predecessors is the explicit appearance of the
and thewell-strength parameter Blepends on the potential guantum number. With this, for example, tin¢h energy

depthV, with level can be determined directly without first needing to find
V2mV, L the precedingh—1 quantized solutions.
T 2 (4) Note that we choose the branehm/2<sin™Y(a/P)<m/2

of the arcsine function in Eq10), and with this the ground
The conditions for the quantization of the stationary ener-State(the lowest positive solutior) corresponds to quantum

gies supported by the square well are found by examiningiumbern=1.

the continuity of the wave functiong,(x) and their spatial

derivatives s/ (x) at the well boundariesxE *=L/2). The

energy eigenstates manifest the symmetry of the potentid\. Semiclassical interpretation

and are states of definite parity. Many quantum mechanics

textbook$™ study even-parity stateéwith A_=A, and

T_=T,) separately from odd-parity statesvith A_=

Here we offer a physical interpretation for the quantization
condition, Eq.(10), using insights gained from semiclassical
guantum mechanics. We consider a particle with momentum

—A, andT_=—T,) to simplify the mathematical analysis ,, \yith which we associate a de Broglie wave with wave
gped find that the quantization conditions for the energy levels, | o= b, /i and wavelength = 2/k. Inside the finite

square-well potential, the particle is described as traveling
atana=+P?—a?, even parity, back and forth, colliding with and bouncing off the well
(5) boundaries, whereas the corresponding de Broglie wave is
acota=—P?—a?, odd parity.

described as reflecting at the well edges from the discontinu-
Cantrelf showed that these can be simplified substantially,

ai[ty in the potential.
the expense of introducing sign ambiguity, to After completing one round trigof length 4.) inside the

well, the de Broglie wave will have experienced a phase
. change of XL from its propagation and a phase shift ¢f
cosa= ig, even parity, from reflection at each boundary of the well. In a semiclas-
sical analysis, we expect the total phase change experienced
) a ) (6) by an energy eigenstate to be a multiple af, Zhat the
Sina= ig, odd parity. eigenstate has constructive interference after one round trip
and forms a standing-wave pattern inside the well. The total
Equations(5) and (6) are often solved by students using phase change then satisfies
graphical methods. The physics literature has a long tradition -~
of using geometrical constructions to determine square-well 2kL+2¢=2amn, (1D
energy levels, including finding the intersection of ciréfes for integern. The left- and right-traveling waves inside the
or straight lines* with trigonometric functions, using abso- well can be described with “plane-wave” exponentials
lute values to clarify the sign ambiguitié3!® or making  exg +ikx], thus with Eq.(2) we anticipate that the wave
plots in polar coordinate¥. Burge further showed that the  number is given by

R

eigenstates),(x) and probability densitief),(x)|? can be
constructed graphically. _ Vszz 2_0‘ (12)
Equationg5) and(6), separated by parity, are not ideal for f L’

our purposes. Instead, it is useful to find a unified equation;, yhis the semiclassical quantization condition becomes

0(2

p?

s

describing all the energy levels. Without dividing states by
parity, Reed showeéd that the quantization condition is ¢ nmw
+ === (13
o a2 2 2
)sm 2a+| 25\ 1~ 5z|cos =0 (") This agrees with the rigorously derived quantization equation
(10) if we take
and demonstrated graphical solutions of this equation.
Sprung, Wu, and Martoréfl observed that this is an identity f:q)zsinl(ﬁ) (14)
for the sine of the sum of two angles, 2 P/
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Physically, ¢=2 sin (a/P) is the phase shift experienced The series solutiofil7) is the centerpiece of this paper. In
on reflection at the finite square-well boundary, or equivathe following sections, we show its use local and global
lently, the extra phase accumulated from penetrating beyonapproximations of the finite square-well energy spectrum, in
the boundary. numerical methods, and in predicting the time scales impor-
tant to revival phenomena of dynamical wave packets ex-

cited in the well.
IIl. GENERAL SERIES SOLUTION OF THE

ENERGY SPECTRUM
IV. LOCAL APPROXIMATIONS

The quantization conditiofL0) is a transcendental equa- . . . . .
tion for «. In order to determine the energy spectrum, this Vith afixedvalue of the height ratio, the general series

must be transformed into an invertible equation. We do thig@ution (17) serves as #ocal approximation of the energy
by focusing on a particular energy region of the well; this SPECrum, in which a particular energy range of the well is
region of interest is specified by a height ratio(0<r targeted for highest accuracy. Here we show two examples.
§1), describ'ing the well bottpm with=0 and the well top A, Bottom of the well

with r=1. With a Taylor series of the boundary reflection

phase® in the vicinity of this height ratio ¢/P=r), the The bottom of the well is described with height ratio
quantization condition becomes r=0. The energy spectrum at the well bottdin units of
#2/mL?) is found with Eq.(17) to be
o sitr -2 (a )+ ' (a )2 2P% [[nm\? 1 na\*
at|sinr+t — | r|ts— 23l T u
—2\P 2(1— P - =) - —— [=
V1= (1=r) En=pr1)? ( 2) 3(P+1)° 2)
1+2r? (a 8 n 27P—8 [nw\®
+ ———splg ] t =5 (15 - =
6(1-r*)>*P 2 180P+1)° 2) (18)

This relates the quantum numbeito a power series in the This region of the well is important because it describes the
quantity (@/P—r). We invert this equation using the power behavior in the infinite square-well limit: For an infinitely
series inversion theoref?2 allowing us to describe /P deep potential well P—), Eq. (18) reduces to the well-
—r) as a power series in quantity=(nm/2—sin tr—rP).  known result

Solving for «, we find 252
lim E,==——n?. (19

S Py1-r? . rP 2 b | 2mL?
(L+Py1-r?) * 2(1+Py1-r?)3 Equation(18) also gives the leading-order correction factor
P2?/(P+1)? that distinguishes the low-lying states of a finite

2 2 1 _ 2
_PrAt2r) Pyl = (16p  well from those in an infinite square well.
6(1+Py1—r?)° Numerical tests of Eq(18), comparing its results with

numerical solutions of the exact quantization equation for

With Eq. (3) this gives an energy spectru(m units of various values of the well-strength parameRrare pre-

#2/mL?) of : : ; LN
sented in Table I. The exact numerical solutions cited in this
2rJ1—r2 paper were computed using the second-order iteration
E=2Pr2+ ———— scheme described in Sec. VB.
(1+P1-r?) The spectrun{18) has been computed elsewhere: The first
) s term was calculated by Cantrefbr the closely related prob-
n (A-r)A+Py1-r9)—r" |, lem of the semi-infinite square welln infinite potential
(1+Py1-r?)3 g boundary on one side and a finite boundary on the gther
Barker et al.* found the first two terms using the parity-
rP(4—r?)+4r{1-r? 5 separated quantization conditions, E6). Sprung, Wu, and
T aaepyiors 7 ool (17 MartorelP° derived this in full. Our contribution is to show

that this follows immediately from the general series solution

The function sin*(a/P) has a logarithmic branch point at (17).
alP=1, thus the analytic expansion in E45) and the pre-
dicted spectrun{17) are valid only for 2 —1<a/P<1.In  B. Middle of the well
principle, for O<r=1/2 the series converges for all energy ) ) . . . .
levels in the square well, but in practice, few-term trunca- 1h€e middle of the well is described with height ratio
tions of Eq.(17) are only useful in small neighborhoods r=1/2. The energy spectrum in this region is described as a
arounda/P=r. Forr>1/2 we lose the ability to predict the Power series in the quantity=(n/2— 7/6—P/2) and(in
spectrum at the bottom of the well, andras 1 the expan-  Units of #%/mL?) is found to be
sion in Eq.(15) diverges and the region of convergence of

Eq. (17) shrinks to zero. A robust description of the energy E =p2 E+ 6 n+ 6(9P+4‘/3; 7?
spectrum at the top of the well, using a nonpolynomial func- 7 2 (3P+2v3) = (3P+2v3)

tion that shares the arcsine’s singularity, was developed by

Sprung, Wu, and Martoréfl?® to describe the scattering of _ 72A5V3P+8) 3. (20)
continuum wave packets excited above the well. (3P+2v3)° 7 '
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Table |. Bottom of the well: Numerical tests comparing the exact energyTable Il. Middle of the well: Numerical tests comparing the exact energy
levels (in units of 42/m L2) to the second-, fourth-, and sixth-order trunca- levels(in units of42/m L2) to the first-, second-, and third-order truncations
tions of Eq.(18). Values in parentheses are the percentage error betweeaf Eq. (20).

exact and approximated energies.

Exact First Second Third
Exact Second Fourth Sixth P energy order order order
P energy order order order
1.00 1.0925 1.0079 1.1139 1.0964
1.00 1.0925 1.2337 1.1069 1.0945 (7.74% (1.96% (0.36%
(12.93% (1.32% (0.18%
4.50 3.2867 1.5103 3.2180 3.3028
4.50 3.2867 3.3035 3.2871 3.2867 (54.05% (2.09% (0.49%
(0.51% (0.01% (<0.01% 12.9179 12.7606 12.9205 12.9181
12.9179 13.2139 12.9526 12.9232 (1.22% (0.02% (<0.01%
(2.29% (0.27% (0.04% 27.8821 24.0110 28.4479 28.0927
27.8821 29.7312 28.4084 28.0744 (13.88% (2.03% (0.76%
(6.63%9 (1.89% (0.69%
6.00 3.6167 —1.6517 3.4235 3.6776
6.00 3.6167 3.6256 3.6169 3.6167 (145.67% (5.34% (1.68%
(0.24% (<0.01% (<0.01% 14.3518 14.1558 14.3500 14.3519
14.3518 14.5023 14.3632 14.3529 (1.37% (0.01% (<0.01%
(1.05% (0.08% (<0.01% 31.7736 29.9632 31.8440 31.7867
31.7736 32.6301 31.9259 31.8089 (5.70% (0.22% (0.04%
(2.70%9 (0.48% (0.11% 54.6214 45.7706 55.9055 55.1886
54.6214 58.0091 55.7835 55.1261 (16.20% (2.35% (1.04%
(6.20% (2.13% (0.92%

A finite well only supports a fixed humber of bound states,
The middle of the well is important as a model for the spec-given by
trum when the eigenstates extend appreciably outside of the p
well and when the effect of the boundary-reflection phése N = int(—
plays a more significant role. Numerical tests of E2{)) are mex /2
presented in Table II. [with int(x) equal to the largest integer smaller thel so

The local approximations offer a systematic way to de- . . . ) )
scribe a range of energy levels in the finite square well withPYr choice of height ratig follows the ration/Nm if the

a series solution. They converge to the exact energy Ievelg}tegerztrumlzatlon n '.E(f].('zz) we<re rerr:jovedh Thus thfe_ ratlg
and truncations of the series are valuable as simple analytl@ EG- (21) always satisfies @r<1, and we have confirme
models of the energy spectrum in the region of interest. Th&umerically that this height ratioand the true scaled energy

key trade-off with the local approximations is that they per-« always satisfy 2—1<a/P=<1, the necessary criterion for
form poor]y outside the targeted energy range. uniform ConvergenCdC) Removing the Integer truncation in
the ratior =n/n,,,, lowers the estimated values fln Sec.

Ill, we noted that underestimating, avoiding the limit

V. GLOBAL APPROXIMATIONS AND NUMERICAL r—1 when possible, gives a more generous region of con-

METHODS vergence for the series solution.

With a variable value of the height ratio (that changes ~ The combination of Eq¢17) and(21) is a highly effective
with quantum numbgr the general solution serves agla-  Method for determining the energy levels. Truncating the
bal approximation of the energy spectrum, which is accuraté€xpansion to first order predicts all energy levels with
throughout the well and does not deliberately target one areg>-56% error. The second-order solution is accurate to
of the well at the expense of results elsewhere. We show ong 1.57% error, and the third-order expression provides
scheme for implementing such a global approximation and<0-11% error. Numerical examples of this are given in
connect this with numerical methods for determining the en-Table Iil.

+1 (22

ergy levels. “The global approximations show that it is possible to give
highly accurate descriptions of the entire finite square-well
A. Global approximations energy spectrum. They converge rapidly, but we find that

they are best used when it is not necessary to interpret the

The general series solution becomes useful as a globgl a\ica| form of the approximations, since the dependence
approximation method if we estimate how the he|ght_ ratio e quantum numbéfound both in the quantities and
varies with quantum number and well strengthP. We find r) is quite complicated

that a good “rule of thumb” is to choose
1 nm B. Numerical iteration

P+ml2 2 (21) . .
If we knewr = a/P a priori for a particular energy level,
This is motivated by the following observation® Choos-  then we would also know the scaled actiar-rP and the
ing re<n can be argued from the leading-order approximationenergyE = 2r2P2(#2/mL?) exactly; that is why these quan-
at the bottom of the Well, EC(].S), which predictsr=a/P tities appear as the |eading terms in Eqm) and (17), re-
=(P+1) Y(nw/2). This estimate should be lowered spectively. The higher-order terms in these equations are
slightly, as it predicts >1 for some weakly bound statdb)  then understood as corrections needed for an inaccurate

r(n,P)=
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Table Ill. Global approximation: Numerical tests comparing the exact en-and super-revivalsrespectively. It is useful to connect these
ergy levels(in units of#%/mL?) to the first-, second-, and third-order trun- times with the Taylor series of the energy levadentered at

cations of Eq(17) ;eedeq with Eq.21). For egch approxmanon, the globgl mean quantum numb@ by writing the latter in the fore
worst-case error is provided, found numerically by testing the approxima-

tion at all quantum numbers for a wide range of well-strength parameters. (n—n) (n—ﬁjz (n—m3
E,=Ey+27h + + Feee,
Exact First Second Third Ty T2 T3
P energy order order order (24)
1.00 1.0925 1.0733 1.0971 10030  With the signs+ adjusted to ensure that tim&gare positive.
(1.76% (0.42% (0.04% The physical meaning of these time scales is shown by ex-

ample in Sec. VIB.

450 3.2867 (033?@?4 <o (3)'120267 o 031'02@867 A wave packet excited in the vicinity of mean quantum
12.9179 12 8347 12.9190 129179  Numbern is associated with a corresponding mean scaled
(0.64% (<0.01% (<0.01% actionayy, via Eq.(_lO); a mean height ratio= a7 /P; and a
27.8821 27.8189 27.8912 27.8831  mean energ¥y, via Eq.(3). If we apply the general series
(0.23% (0.03% (<0.01% solution to height ratio =T, we see that the expansion pa-
6.00 3.6167 3.5969 3.6167 36167 'ametern can be rewritten as
(0.55% (<0.01% (<0.01% (n—mm
14.3518 14.2827 14.3520 14.3518 n=—. (25)
(0.48% (<0.01% (<0.01% 2
31.7736 (36152?24 (<03é'17;)55 (<03(’)11'£37 Thus Eq.(17) has the same form as the wave-packet expan-
' ' ' sion(24) and we can use it to extract expressions for the time
54.6214 54.5710 54.6323 54.6226
(0.09% (0.02% (<0.01% scales. We find a classical motion time of
[1_72 2
Worst-case P~0.155 P~0.319 P~0.506 T :(1+P 1-r ) mL . (26)
error n=1 n=1 n=1 1 P2[T- /1_?2] %
(5.56% (1.57% (0.11%

a revival time of

4 (1+P\1-T2)3 mL*
choice ofr. This suggests an interpretation of the general T2_E Pz[(l_—z)(lﬂg\/ﬁ) -2 R (27)
series solution as a scheme for numerical iteration. -
An initial choice forr [seeded, for example, using Eq. and a super-revival time of

(21)] can be used in a few-term truncation of E46) to 24 1+ PV1—72)5 mL2
estimatex numerically. Thenm = «/P is recomputed and this Ts=— — ( — _) — ) (28
procedure is iterated until the expansion variahleecomes 7 PYTP(4-T%)+4r\1-r%] h

arbitrarily close to zero. Using the first-order truncation of
Eq. (16) is precisely the Newton—Raphson root-finding
method* for determining the energy, but here we also pro-
vide higher-ordefand faster-convergingnethods.

For a given wave packet, the connection betweemdr is
found by solving the transcendental equati@® numeri-
cally, and then the wave-packet time scales are analytic func-
tions of this numerical value af.

VI. WAVE-PACKET REVIVAL PHENOMENA .
B. Example of wave-packet dynamics

Our motivation for developing the general series solution

(17) was to aid our study of wave-packet states excited in th(=E Venugopalan and Agarwalirecently presented a numeri-

al study of dynamics in finite square wells. With the expres-
ions for the time scales, Eq&6)—(28), we complement
heir work with an analytic description of the dynamics. In
this section, we give one example of wave-packet dynamics
A. Wave-packet revival times and make connections with the revival phenomena seen in
ther quantum potentials; a more detailed discussion of this

finite square well. In this section, we show how the genera
series solution provides analytic expressions for the tim(?
scales important in wave-packet dynamics.

We consider a wave-packet state excited in the squar .
well, in which the particle’s wave function is a coherent (i/r\ll(elscgngdeeqteeld(f;iesvgigﬁés.ha ed wave packet excited in a
superposition of bound energy levels centered around mean B " P pac
quantum numben, It has been showh? that the important well of strengthP—l(_)O. Imﬂally Ehe paf:ket is in the center
time scales for the wave-packet's dynamics are given i he Well'<)i>:0' with width (%®) — (%)“=L/10 and mo-
terms of derivatives of the energy spectr&min the vicinity ~ MeNtUM(P,)=50m74/L. This wave packet is a superposition

of the wave-packet's mean quantum numbeSpecifically, ~©f approximately 20 energy levels centered aroundS1,
the time scales excited in a well with 64 bound states. The height ratio as-

sociated with this state is~0.791 97, and the wave-packet

lezw,ﬁ, T2=2W,,h, T3=277L 23) time scales arel;~0.0128nL%/#, T,~105.3T;, and T,
1= |Eq 1= ~615.37,.
(with, for example E-~equal to the first derivative of energy 1- Classical motion
E, with respect to quantum number evaluated an=n) Initially this wave packet travels back and forth inside the

characterize the wave-packettdassical motion, revivals well, moving as a localized entity and reflecting at the
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Fig. 1. Classical motion: Probability density(x,t)|? of a Gaussian wave
packet shown at time@) 0T, (b) T,/7, (c) 2T,/7, and(d) 3T,/7. In the

first several periods of classical motion, the wave packet moves back and -L12 -L/4 0 . L/4 L2
forth inside the square well, reflecting at the boundaries. Square well position, x

Fig. 3. Revivals: Probability densityy(x,t)|? of a Gaussian wave packet

P L shown in the vicinity of timesga) T,/2 and(b) T,. During these revivals, the
square-well boundarieg-ig. 1). The round-trip time for the wave-packet shape and motion resurface for several classical periods. The

wave packet is described by the classical motion time scal@nt dashed lines show the original wave-packet shape.

T,. As the packet continues its motion, it begins to spread.

By the fourth round trip, the wave packet has spread out

entirely over the length of the square wéflig. 2) and the Ti;—o, etc). Thus all harmonic-oscillator wave packets

periodic dynamics has decayed away. have exact periodic motiSrwhich lasts indefinitely. In con-
The energy levels of the simple harmonic oscillator potentrast, we see that in the finite square w@$ in other quan-

tial are equally spaced,=(n+1/2)hw. Wave packets ex- tum systems with energy levels that are not equally spaced

cited in the harmonic oscillator have a classical periodclassical motion is only observed in highly excited wave

T,=2w/w, but lack higher-order time scalesT{— oo, packets and survives only for a small window of time before

decaying away.

@ 2. Revivals
The shape and periodic dynamics of the wave packet re-
surface in windows of time callegbvivals which occuf® at
multiples of timeT,/2 (for this wave packet, at multiples of
approximately 52 classical perigdsFigure 3 shows the
: wave packet during its first and second revivals, and we see
that the wave-packet shape largely has been reformed.
The energy levels of thmfinite square-well potential vary

quadratically with quantum numbe,,= E;n?. Wave pack-
(b) ets excited in the infinite well have a classical period
T,=27wh/(2nE,) and a revival timeT,=27#/E,, but lack
super-revival and higher-order time scal@&—«, etc).
This leads to periodic motiowith period T,) and math-
ematically exact fufl and fractional* revivals of wave pack-
ets excited in the infinite well. In the finite well, the period-

2 .
Probability density [W(x.2)|” (arb. units)

© icity of the dynamics and the exactness of the revivals are
broken by the finite potential depff.
(@) 3. Super-revivals
Just as the shape of the wave packet slowly decays with
- - T . , each classical period, the quality of the wave-packet refor-
-L2 -L/4 0 L/4 L2

mation decays with each revivies can be seen by compar-
ing Figs. 3a and (b)]. At much longer times, the wave-
Fig. 2. Spreading: Probability density(x,t)|? of a Gaussian wave packet pqc(l;et sh?p.e and”pce;odlc dynallnlci_ ahgam re Surfalce n
shown at timega) 0T,, (b) 1T,, (c) 2T,, and(d) 3T;. The wave packet Wln ows 0 time calle uper-rewvasw Ich occur 6_1t mul-
spreads during its periodic motion, and after four periods it has spreadiPles of time T5/6 (for this wave packet, at multiples of
across the full length of the well. approximately 10800 classical perigd$n Fig. 4, we see

Square well position, x
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